Definition 8.1: Let V = w1,..., vk be a list of vectors in R".
A linear relation between the v; is a relation of the form
, where A1,..., A\ are scalars.

For any list we have the trivial linear relation
There may or may not be any nontrivial linear relations.

If V has a nontrivial linear relation, we say that it is (linearly)
If the only linear relation on V is the trivial one, we instead say that V is
(linearly)

Example 8.4: The following list I/ is

w=[1 1 0 0o wm=1[0 1 1 0o m=1[0 o 1 1]"
Indeed, consider a linear relation A\jui + Aouo + Azuz = 0. This gives
A1 0
At+X2|  |0f . . . .
X+ 23| 0] ' ' '
A3 0

As the only linear relation is the trivial one, we see that U/ is

Definition 9.1: Suppose we have a list V = vi, ..., vy, of vectors in R”. Then
V spans R" if every vector in R"

Method 8.8: Let V = w1, ..., v, be a list of vectors in R". L y
1ye ey Vm.

We can check whether this list is dependent as follows.
Example . Consider the list U = u1, w2, u3, where

(a) Form the n x mmatrix A= | w1 | ... | vim | whose columns are the 1 1 0

vectors v;. u = |1 u= |0 u3=|1

0 1 1
(b) Row reduce A to get another n x m matrix B in RREF.
— T 3
(c) If every column of B contains a pivot (so B = { i ]) then V' is For any vector v =[x y z]' € R’ we can put
O(nfm)xm
independent. )\1:)‘4’)2’_2 )\2:X—}2’+Z As = —X+2}’+Z

(d) If some column of B has no pivot, then the list V is dependent.
and we find that v = A1 + Aau2 + Asus. This shows that U spans R3.
Remark 8.9: If m > n then B is wide, so there cannot be a pivot in every

column, so V is automatically dependent and we need not do any more.

(Any list of 5 vectors in R? is dependent, any list of 10 vectors in R is

dependent, and so on.)



Checking spanning by row-reduction

Method 9.7: Let V = wi,..., vy be a list of vectors in R".
We can check whether this list spans R" as follows.
T

V1
(a) Form the m x n matrix C = : whose rows are the v, .
Vi
(b) Row reduce C to get another m x n matrix D in RREF.

. . I
(c) If every column of D contains a pivot (so D = {07"}) then V
(m—n)x
spans R".

(d) If some column of D has no pivot, then the list V does not span R".

Remark 9.9: If m < n then D is wide, so there cannot be a pivot in every

column, so V cannot span and we need not do any more.
(No list of 3 vectors can span R®, no list of 10 vectors can span R*?, and so

on.)

Basis example

Consider the list U = (u1, u2, us), where
1 1 1
up= |0 w= |1 uz = |1
0 0 1
For an arbitrary vector v = [x y z] 7 we have

a
(a—b)ur + (b—c)ur + cus = 0 + + = |b| =v,
0 0 c

which expresses v as a linear combination of u1, u2 and uz. This shows that U
spans R3. Now suppose we have a linear relation Ajui + Aauz + Azuz = 0. This

means that
A1+ X2+ A3 0

from which we read off that A3 = 0, then that A\, = 0, then that A; = 0. This
means that the only linear relation on U is the trivial one, so U is linearly
independent. As it also spans, we conclude that U is a basis.

Bases

Definition 10.1: A basis for R" is a linearly independent list of vectors in R”
that also spans R".

Remark 10.2: Any basis for R” must contain precisely n vectors. Indeed, we
saw before that a linearly independent list can contain at most n vectors, that a
spanning list must contain at least n vectors. As a basis has both these
properties, it must contain precisely n vectors.

Basis criterion

Proposition 10.4: Given V = (vi,...,v,) in R”, put
A= vi|... | Vo | € Moxn(R)

Then V is a basis iff AA = x has a unique solution for every x € R". Proof:
Suppose that V is a basis. In particular, this means that any vector x € R" can
be expressed as a linear combination x = A1vi + -+ 4+ Apvi.

Thus, if we form the vector A = [A\1 -+ Aj] " we have

A1
A\ = vi | - | vp =Mvi+ -+ vy = X,
An
so A\ is a solution to A\ = x. Suppose that y is also a solution, so
Hivi 4+ fnVa = X.
By subtracting this from the earlier equation, we get
(M —p)vi+- -+ (A — pn)va =0.

This is a linear relation on the independent list V, so it must be the trivial one,
so the coefficients \; — pu; are zero, so A = u. In other words, X is the unique

solution to A\ = x, as required.



Basis criterion

Proposition 10.4: Given V = (w1,...,v,) in R, put
A= vi|... | Vo | € Moxn(R)

Then V is a basis iff A\ = x has a unique solution for every x € R".

We now need to prove the converse. Suppose that for every x € R”, the
equation A\ = x has a unique solution. Equivalently, for every x € R", there is

a unique sequence of coefficients A1, ..., A, such that A\ivi + ...+ A\pvy, = x.
Firstly, we can temporarily ignore the uniqueness, and just note that every
element x € R"” can be expressed as a linear combination of vq,...,v,. This

means that the list V spans R". Next, consider the case x = 0. The equation
AX = 0 has A = 0 as one solution. By assumption, the equation A\ =0 has a
unique solution, so A = 0 is the only solution. Using the standard equation for
A), we can restate this as follows: the only sequence (A1, ..., As) for which
Aivi + -+ Apv, = 0 is the sequence (0,...,0). In other words, the only linear
relation on V is the trivial one. This means that V is linearly independent, and
it also spans R”, so it is a basis.

Basis example

Consider the vectors

1 3 1 1 5

2 1 3 3

vi= |3 vo= |1 vs = |1 vs = |5 vs = |1
2 2 1 3 3

1 3 1 1 5

To decide whether they form a basis, we construct the corresponding matrix A
and start row-reducing it:

13 1 1 5 1 3 1 1 5 1 3 1 1 5
2 0 -4 -1 1 -7 0 -4 -1 1 -7
3 il—-]0 -8 —2 2 —-14| >0 0 0 0 O
2 3 0 -4 -1 1 -7 0 0 0 0 O
1 3 1 1 5 0 0 0 0 0 0 0 0o 0 O

Already after the first step we have a row of zeros, and it is clear that we will
still have a row of zeros after we complete the row-reduction, so A does not
reduce to the identity matrix, so the vectors v; do not form a basis.

Method to check for a basis

Let V = (vi,...,Vvn) be a list of vectors in R".
(a) If m# nthen V is not a basis.

(b) If m = n then we form the matrix

A= vi| ... | Vm

and row-reduce it to get a matrix B.

(c) If B= 1, then V is a basis; otherwise, it is not.

Proof:

(a) Has been discussed already: any basis of R" has n vectors.

(b) If A— I, then the same steps give [A|x] — [l2|x], then A = X" is the
unique solution to A\ = x. Thus V is a basis.

(c) If A— B # I, then B cannot have a pivot in every column. By our
method for checking independence, the list V is dependent and so is not a
basis.

Basis example

Consider the vectors

1 1 1 1
1 11 1 11
PL= 111 p2= 14 ps=14 Pa= 111
1 11 11 11

To decide whether they form a basis, we construct the corresponding matrix A
and row reduce it:

1 1 1 1 1 1 1 1 11 1 1
1 11 1 11 . 0 10 0 10 . 0 1 0 1 .
1 1 1 11 0 —-10 —-10 O 01 10
1 11 11 11 0 10 10 10 0 1 1 1
11 1 1 11 1 1 1 01 O
01 0 1 . 01 0 1 - 01 0 1
01 10 0 01 -1 0 01 -1
0 0 01 0 0 0 1 0 0 0 1
After a few more steps, we obtain . It follows that the list

P1, P2, P3, P4



Coefficients in terms of a basis Example of coefficients in terms of a basis

Suppose that the list V = w1, ..., v, is a basis for R”, and that w is another We will express g = [0.9 09 0 10.9} in terms of the basis p1, p2, p3, pa in
vector in R”. By the very definition of a basis, it must be possible to express w the previous example. We form the relevant augmented matrix, and apply the
(in a unique way) as a linear combination w = Aqvy + - - - + Asvs. If we want to same row-reduction steps as before, except that we now have an extra column.
find the coefficients Aj, we can use the following: 1 1 1 1] oo 11 111 oo 1 1 1 1] oo
1 11 1 11 0.9 _ 0 10 0 10 0 N 0 1 0 1 0 N
Method 10.8: Let V = v1,..., v, be a basis for R”, and let w be another PR N PO A P B
vector in R".
L B b h . 1 1 1 1 0.9 1 1 1 1 0.9 1 0 1 0.9
(2) Let 5 be the matr HERSIEA R R F AR AP
0 0 0 1 0.01 0 0 0 1 0.01 0 0 0 1 0.01
B = [ %1 ‘ ‘ Vn ‘ w } S Mnx(n+1)(R)~
f , . 1 0 1 0 0.9 ! ° ° 0
(b) Let B’ be the RREF form of B. Then B’ will have the form [/,|\] for some [ o 1 0 o) o0 } Lo o1 0o 0
column vector 0 0 o0 1| o001 00 1 0
)\1 0 0 0 1 0.01
. . . T .
A= The final result is [ls|A], where X\ = [ } . This
An means that g can be expressed in terms of the vectors p; as follows:
() Now w = A1vi + -+ + Apvi. g= pr— P2+ ps + pa.

It is clear from our recent discussion that this is valid.

Example of coefficients in terms of a basis Example of coefficients in terms of a basis

One can check that the vectors u1, us, us and us below form a basis for R*.

with(LinearAlgebra) :
1 1/2 1/3 1/4 1 RREF := ReducedRowEchelonForm;
u = |12 w= |13 u = |12 w= |13 L- |1 ul1] := <1,1/2,1/3,1/4>;
1/3 1/4 1/5 1/6 1 ul2] := <1/2,1/3,1/4,1/5>;
1/4 1/5 1/6 1/7 1 ul[3] := <1/3,1/4,1/5,1/6>;

. . . . . ul4] := <1/4,1/5,1/6,1/7>;
We would like to express v in terms of this basis. The matrix formed by the

vector.s u; is called the Hilbert matrix; it is notoriously hard to row-reduce. ; = 2111,[1:] Tl’ll[;j |u[3] [ul4] [v>;

We will therefore use Maple. RREF(B) ;
1 1/2 1/3 1/4|1 1 0 0 0| —4
1/2 1/3 1/4 1/5|1 0 1 0O 60
1/3 1/4 1/5 1/6|1 | |0 0 1 0] -180
1/4 1/5 1/6 1/7|1 0 0 0 1| 140

We conclude that

v = —4u; + 60u, — 180u3 + 140us.



Duality for bases

Proposition 10.11: Let A be an n x n matrix. Then the columns of A form
a basis for R" if and only if the columns of A” form a basis for R”.

Proof.

Recall:
» The colums of A span iff the columns of A" are

» The columns of A are independent iff the columns of A”

> A list is a basis iff

The claim is clear from this. O

Numerical criteria

Proposition 10.12: Let V be a list of n vectors in R” (so the number of
vectors is the same as the number of entries in each vector).

(a) If the list is linearly independent then it also spans, and so is a basis.

(b) If the list spans then it is also linearly independent, and so is a basis.

Proof.

Let A be the matrix whose columns are the vectors in V.

(a) Suppose that V is linearly independent. Let B be the matrix obtained by
row-reducing A. By the standard method for checking (in)dependence, B
must have a pivot in every column. As B is also square, we must have

. It follows that V is a basis.

(b) Suppose instead that V (which is the list of columns of A) spans R". By
duality, we conclude that the columns of AT are linearly independent. Now
AT has n columns, so we can apply part (a) to deduce that the columns of
AT form a basis. By duality again, the columns of A must form a basis as
well.

O



