> If x = ax with x = c at t =0, then x = ce’".

> If x; = aix; with x; = ¢; at t =0 (for i = 1,2,3), then x; = ¢; €'

» Put
X1 C1 al 0 0 ealt 0 0
Dt
X = |x c=|o D=(0 a 0 ef=]0 €2 0
X3 a3 0 0 a 0 0 e%t
The equations are x = Dx with x = ¢ at t = 0; the solution is x = ec.
» Suppose instead x = ¢ at t = 0 with
X1 = auxi + anxe + aizx3 dil a2 a3
Xo = arX1 + axxe + asxs so x = Ax where A= |ax ax» a»x
X3 = auxi + anx2 + anxs asy  ax»  as3

» To solve this, diagonalise A= UDU™! with D = diag(A1, A2, A3) say, so
x=UDU 'x. Puty=U"*xand d = U cso
y = U"'%x = DU 'x = Dy, with y = d at t = 0. This gives y = e’'d,
where

Dt . At Aot
e =diag(e™", e e

so x = Uy = UeP'd = UeP* U~ c.

)\3t)_

Differential equations example Differential equations example

If x=Ax,x=catt=0, A= UDU™!, then x = UeP* U~ 'c where Suppose x =y =z=x+y+zwithx=z=0andy=1att=0.
D = diag(M1, ..., A\n) and P = diag(eM?, ..., e*"). x 111 0
Thus v = Av, wherev= [yl and A= |1 1 1|;v=|1] att=0
Example 15.1: Suppose 51 = x1 + x2 + Xx3; % = 2x2 +2x3; X3 = 3x3 z 1 1 1 0
with x; =x» =0 and x3 =1 at t = 0. This can be written as x = Ax, where The characteristic polynomial is
111
A= |0 2 2|.ByExample 14.6: A= UDU™!, where 1I-t 1 1
0 0 3 xa(t)=det| 1 1-t 1 | =32°—£ =+t(3-1).
_ 1 1 1-—t
1 1 3/2 1 00 1 -1 1/2
U=10 1 2 D=0 2 0 ul=1]lo 1 =—2]. Eigenvalues are A1 =0, A2 =0 and A3 = 3. If we put
0 0 1 0 0 3 0 O 1 1 0 1
So x = UeP*U~ ¢, where ¢ = initial value = [0 0 l]T. Thus th = _01 tr = 11 us = 1
[1 1 3/2] e 0 © 1 -1 1/2] (0 . .
x=1lo 1 2 0 &% 0 o 1 —2|1o we find that Au; = Auz = 0 and Aus = 3us. Thus, the vectors u; form a basis
00 1 o o &tllo o 1 1 for R® consisting of eigenvectors for A. This means that we have a

diagonalisation A = UDU™!, where

[t 2t 33t 1t 2t | 3 3t
3 1ot o 3
: e2t : eBt 1/2 2 2te N ;e 1 0 1 0 0 O
=0 e 2e =2| = —2e”" + 2e . U=1|(-1 1 1 D=1]0 0 O
0 o3t 1 &3t 0o -1 1 0 0 3



Differential equations example Differential equations example

v=UDU 'vand v=catt=0 where v=UDU v and v=catt=0 where
1 0 1 0 0 O 0 1 0 1 0 0 O 1 2 -1 -1 0
u=]-1 1 1 D=1]0 0 O c=|1 u=(-1 1 1 D=0 0 O U_lfg 1 1 =2 c= |1
0 -1 1 0 0 3 0 0o -1 1 0 0 3 1 1 1 0
We can find U™ by the following row-reduction: The solution to our differential equation is now v = UeP* U~ c:
1 0 1|1 0 O 1 0 1|1 0 O X 1 1 0 1( (1 0o O 2 -1 -1{ |0
-1 1 1|0 1 0| —=(0 O 3|1 1 1| — Y| =3 -1 1 1{|0 1 O 1 1 -2]]1
0 -1 1|0 0 1 0 -1 1|0 0 1 z 0 -1 1] 0 0o &1 1 1]]o0
3t _ 3t
1 0 0| 23 -1/3 -1/3 10 0]2/3 -1/3 -1/3 ! _11 (1) :M 11 B g:ﬂ +gg
0 0 1] 1/3 1/3 1/3 -0 1 0(1/3 1/3 -2/3|. 3 0 1 e 1 N (% —1)/3
0 -1 0|-1/3 -1/3 2/3 0 0 1/1/3 1/3 1/3

The conclusion is that

a1
V=3

Another approach to the same problem Solving difference equations

» Againconsider x=y=2=x+y+zwithx=z=0,y=1att=0. Problem: find a formula for the sequence where ap = —1, a; = 0, and

» Put a= x—y. Subtracting x=x+y+zandy=x+y+zwegeta=0, ai+2 = 6aj+1 — 8aj for all i > 0.

so ais constant. At t =0we have a=0—1= —1,soa= —1 for all t. 3 =6a1 —8a =6x0—8x(~1)=8

>» Putb=y—z. Subtracting}'/:x+y+zand2:x+y—|—zwegetb:0,
, =62 — 821 =6x8—8x0=143
so b is constant. At t =0we have b=1—-0=1,so b=1 for all ¢. - 232 :al ZX 25 88>< 6 — 24
— — = — = tc.
> Put c = x + y + z. Adding the equations x = c and y = c and z = ¢ = 0o 8 =0 % ete

gives ¢ = 3¢, so ¢ = e for some constant ¢y. At t = 0 we have 3 ~1
c=0+140=1s0c=1,s0c=e Vector formulation: put v; = LHI-J €R? so vy = [ 0 } and
» Wenowhavex —y =—land y —z=1and x+ y + z = €*. These can
be solved algebraically to get Vor1 = [&14—1} _ [ an+1 } _ { 0 1] { an } _ { 0 1] v,
an+42 63,,+1 — 83,1 -8 6 dn+1 -8 6
e3t71 e3t+2 e3t71
XT3 Y¥=73 T3 , 0 1
We write A = [—8 6} so the above reads v,11 = Av,. Thus v; = Aw,
as before.

) o ) ) vo = Avi = Av, vi = Avs = Alvg, v, = A"
> Here we found appropriate quantities a, b and ¢ by inspection. The
eigenvalue method effectively does the same thing in a more systematic

way.

We can be more explicit by finding the eigenvalues and eigenvectors of A.



Solving difference equations Solving difference equations

an n nyp—1
_ Vy, = =A"vo = UD"U v
Vp = an = AnVO A= 0 1 Vo = 1 . |:an+1:|
e — 0 ° 11 2 2 —1/2 1
R e E I i M T
The characteristic polynomial is
XA(t):det|::é Git} =1’ —6t+8=(t—2)(t—4), a | {1 1} [2" o]|2 -—1/2|[-1
ant1| |2 4] |0 4" |-1 1/2 0
so the eigenvectors are 2 and 4. Using the row-reductions [ on 4n ] {_2} { 4n _ pntl }
= |onl gntl = | gnt1 _ ont2
2 1] 1 -1/2 4 1] 1 —1/4 20 4 1 AT -2
A-2l = — A—4l = —
-8 4 0 0 -8 2 0 0 Thus a, = 4" — 2" = 22" _ 271 \We will check that this formula does indeed
give the required properties:
we see that u; = ! and u, = L are eigenvectors of eigenvalues 2 and 4
2 X a=2-2'=1-2=-1

(forming a basis for R?). We now have a diagonalisation A = UDU™, where a=22_22=0

U= [wu]uw] = B ﬂ D = [g 2] Ut = { 21 —11/22} _ 6air1 — 8a; = 6(2°2 —271?) —g(27 —2M1) =24 x 2 —24x 2 —8x 2% +16x 2
- / — 16 x 22/ _8x 2f _ 22i+4 _ 2i+3 _ 22(i+2) _ 2(i+2)+1 — ai.
This gives v, = A"vo = UD"U ' v.

Another difference equation Another difference equation

We will find the sequence satisfying by = 3 and by = 6 and b, = 14 and

biy3 = 6b; — 11bi11 + 6bi1o. b 3 0 1.0
Vo= |bpy1| =B" | 6 B= |0 0 1| has eigenvalues 1,2, 3.
The vectors v; = [b,— bit1 b,-+2] T satisfy vp = [3 6 14} T and bnt2 14 6 —11 6
bit1 bit1 0 1 O] bi
Vigr = | bis2| = bito =10 0 1| | b1 | = By;. Now find the eigenvectors:
biy3 6b; — 11bir1 + 6bjy2 6 —11 6] |bit2 1 1 01 10 -1 1]
It follows that v, = B" v for all n, and b, is the top entry in the vector v,. B-1 =10 -1 1 —-]0 1 -1 m =1
Now diagonalise B. The characteristic polynomial is |6 —11 5] 0 0 0 1]
-2 1 0 1 0 -1/4 1
—t 1 0 4 1 0 1 B-2/ =1|0 -2 1 -0 1 -1/2 u =12
xe(t)y=det | 0 —t 1 = —tdet — det 6 -—-11 4 0 0 0 4
—11 6-—t 6 6—t L d L L
6 —11 6-1t -3 1 0 1 0 -1/9 1
= (P —6t+11)— (—6) =6 — 11t + 67— 2 = (1 — t)(2 — £)(3 — 1), B-3 =0 -3 1} =0 1 -1/3 us = |3
16 11 3] 0 0 0 19]
so the eigenvalues are 1, 2 and 3.
1 1 1 1 0 0
B=UDU! where u=11 2 3 D=1]0 2 0
1 4 9 0 0 3



Another difference equation

11 1 100 3
ve = UD"U v U=1|1 2 3 D=10 2 0 w=|6
1 4 9 0 0 3 14

Find U™! by the adjugate method:

mi; =6 mp =6 my3 =2
my =5 my =38 my =3
mz =1 mz =2 m33 = 1.
+min —ma1 +mar 6 -5 1

adj(U) = [-m2 +mp —-mp2| =|-6 8 =2
+miz —mp3 +ms3 2 -3 1

det(U) =1my —1mp+1ms=6—-6+4+2=2.

. 3 —5/2 1/2
pr= 2
det(U) 1 -3/2 1)2

A slightly different method

Find eigenvalues and eigenvectors as before:

A=1 1 1 1
A2:2 u = 1 u = 2 us = 3
A3=3 1 4 9

Recall v, = UD"U*vy. We do not need all of U™, we only need U .
This amounts to expressing vp as a linear combination of the columns u;.
For this we row-reduce [u1|u2|us|vo]:

1 1 1|3 1 1 1] 3 1 0 01
1 2 3|6 — |10 1 2|3 —---—=10 1 0|1
1 4 9|14 0 3 8|11 0 0 111
The required coefficients appear in the last column: vo = u1 + uz + us.
This can also be seen by inspection.
As uy is an eigenvector of eigenvalue k, we have B"ux = k"uy, so
1 1 1 1+2"4+3"
Vo =B"vo = B"u1 +B"to+B"us = |1 +2" [2|+3" [3| = [14 2" 43!
1 4 9 142" 4 32

Moreover, b, is the top entry in v,, so we again conclude that
b, =1+4+2"+3".

Another difference equation

11 11t o o 3 -5/2 1/2]1[3
ve=UD"U =1 2 3| |0 2" 0| |-3 4 —1| |6
1 4 9|0 0 3|1 —=3/2 1/2| |14

1 2" 311 142" 43"

= (1 2™ 31| = (1427 430!

1 2n+2 3n+2 1 1+2n+2+3n+2

Thus b, =1+ 2" + 3". Check:
bp=1+1+1=3 bh=142+3=6 bb=14+4+9=14

6b; — 11b;1 + 6biyo = 6(1 +2' +3') — 11(1 + 271 + 37 4 6(1 + 22 + 372
= (6—11+6) 4 (6 — 22 + 24)2' + (6 — 33 + 54)3'
=1+4+8x2 +27x3
=142 43" = p s

Fibonacci numbers

The Fibonacci numbers are given by Fo =0 and F; =1 and Fo42 = Fp + Fpia.
The vectors v; = Fi therefore satisfy vo = 0 and
Fii1 1

_ Fn+1 _ Fn+1 _ _ 0 1
Vil = [Fn+2} = {Fn ¥ Fn+1:| = Avp, where A= L 1} .

It follows that v, = A"vp. We have xa(t) = t?> — t — 1, which has roots
At = (14 /5)/2 and X2 = (1 — v/5)/2. To find an eigenvector of eigenvalue
A1, we must solve

0 1] x| _ X y = Ax
[1 1] M N M T x+y =y
Substituting y = A1x in x + y = A1y gives x + A\1x = X2x, or
(A2 = A1 — 1)x = 0, which is automatic, because \; is a root of t* — t — 1 = 0.

AL

Take x =1 to get an eigenvector u; = [ ] of eigenvalue A;.

A2

- . 1 .
Similarly, we have an eigenvector u> = { ] of eigenvalue X,.



Fibonacci numbers

]l o B

We now need to find o and 8 such that aun + Su2 = wy, or equivalently

1 1] o B =-a
L R e R
Now A1 — X2 =+v5soa=1/vband f=—1/v/5 and vy = (tn — 12)/V/5.
Vo ATy — Al — A"y N — M _i{ A —=)A3 }
S V5 V5 NARYREP Vi

Moreover, F, is the top entry in v,, so we obtain the formula

_ M- (14VE) - (1-VE)"

V5 275
It is also useful to note here that A\; ~ 1.618033988 and \» ~ —0.6180339880.

As |A1] > 1 and | 2| < 1 we see that |A]| — oo and |A3| — 0 as n — co. When
nis large we can neglect the \» term and we have F, ~ \7/+/5.

Fn



