Vector Spaces and Fourier Theory — Problem Sheet 7

You are not asked to hand in any questions this week.

Exercise 1. Let U be a finite-dimensional vector space, and let V' and W be subspaces of U. In
lectures we proved that there exist elements

Uly - ey Upy,V1y vy Vg, W1y e oo, Wre
such that
® uj,...,u, is a basis for VN W
® Ui,...,Up,V1,...,VUq is & basis for V
® Uj,...,Up, W1,..., W, is a basis for W
® Ul,...,Up,Vl,...,Uq Wi,..., W, is a basis for V + W.

Find elements as above for the case U = MoR and V = {A € U | AT = A} and W = {4 €
U | trace(A) = 0}.

Exercise 2. Let Z be a finite-dimensional vector space, and let U, V and W be subspaces of Z.
Suppose that

dim(U) = 2 dm(UNV) =1
dim(V) = 3 dim(V N W) =2
dim(W) = 4 dim((U +V)NW) = 3.

Find the dimensions of U +V, V + W and U + V + W. Hence show that U + V + W =V + W
and thus that U <V + W.

Exercise 3. Let ¢: U — V be a linear map between finite-dimensional vector spaces. Recall that

there exists a number r and bases u1,...,u, (for U) and vq,...,v,, (for V) such that
v, ifi<r
u;) =
olui) {0 if i > 7.
(The method is to find a basis vy, ..., v, for image(¢), choose elements uy, ..., u, with ¢(u;) = vy,
then choose any basis 4,41, ..., u, for ker(¢), then choose any elements v,41,..., v, for V such
that vy, ..., v, is a basis for V.)

Find such adapted bases for the following maps:
(a) ¢: MaR — Rlx]<s, ¢(A) = [z, 2%]A[]}]

x

(b) ¥: Rz]<2 — R?, (f) = [f(1), f(-1), f(0)]"

. == A ‘ O
(C) X: MR — MBRv X(A) - 0 ‘ —trace(A)

(d) 0 = pup: R* - Rlz]<o, where P =22, (z +1)%, (x — 1)%, 2% + 1.

Exercise 4. Let V be the set of all sequences (ag, a1, as, ... ) for which a;+2 = 3a;11 — 2a; for all
1.

(a) Define 7: V — R? by

m(ag, a1, az,as,...) = lag,a1]”.
Show that ker(m) = 0, so 7 is injective.
(b) Define sequences u,v by u; = 1 for all 4, and v; = 2¢. Show that u,v € V.
(¢) Find constants p,q,r,s such that the elements b = pu + qv and ¢ = ru + sv satisfy
7(b) = [1,0]7 and 7(c) = [0,1]7.
(d) Show that b and c give a basis for V, and deduce that u and v give a basis for V.
(e) Define \: V — V by

Mag, a1, asz,as,...) = (a1,a2,as,a4,...).

What is the matrix of A with respect to the basis u, v?



