ALGEBRAIC TOPOLOGY

N. P. STRICKLAND

1. INTRODUCTION
In this course, we will study metric spaces (which will often be subspaces of R™ for some n)
with interesting topological structure. Here are some examples of such subsets of R3.

1. Closed orientable surfaces, as studied in the Knots and Surfaces course. For example, the
sphere and the torus:

or the following surface of genus two:

2. The Mobius strip:
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4. Graphs (as studied in the Graph Theory course) such as Kj (the complete graph on five
vertices):

3. Knots, such as the trefoil:

5. The letters of the alphabet can be thought of as subsets of the plane and thus as metric
spaces; these will be used as examples in various places. The topology depends on the precise
way in which the letters are written. We will always use the form indicated below:
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We will also be interested in spaces that cannot be visualised in three dimensions. You may
already have met the example of non-orientable surfaces, such as the Klein bottle and the projective
plane, but there are many others.

For example, consider the set GL3(R) of all 3 x 3 invertible matrices over R. There is a
reasonably natural notion of what it means for a matrix to vary continuously, which can be
formalised to make GL3(IR) into a metric space. A matrix A € GL3(R) has nine different entries,
which can vary independently, so GL3(R) is a nine-dimensional space. We will try to understand
spaces like this “geometrically”, and ask whether they have holes in them, how any holes are
linked together, and so on. It turns out, in fact, that the topological structure of GL3(R) plays an
important role in understanding the quantum-mechanical behaviour of electrons. In the general
theory of relativity there are interesting questions about the topology of the universe as a whole,
and some very complicated topologies enter less directly into more recent theories of fundamental
physics.

2. METRIC SPACES

Definition 2.1. A metric on a set X is a notion of the distance between any two points xz,y € X
(written d(x,y)) such that

M1: d(z,y) = 0 if and only if x = y.

M2: d(y, ) = d(=,y).

M3: d(x,z) < d(z,y) + d(y, z) (the Triangle Inequality).

A metric space is a set equipped with a specified metric.

Definition 2.2. A sequence (x,) in a metric space X converges to a point z € X if for all € > 0
there exists N > 0 such that d(x,,z) < € for all n > N. This is equivalent to the condition that
d(xn,x) — 0 in the usual sense of convergence of sequences of real numbers.

Definition 2.3. Let d and d’ be two metrics on the same set X. We say that d and d’ are strongly
equivalent if there are constants A, A’ > 0 such that d(z,y) < Ad'(z,y) and d'(z,y) < A'd(z,y)
for all z,y € X.

Remark 2.4. If d and d’ are equivalent, we see using the sandwich test that d(z,,z) — 0 iff
d'(xn,x) — 0. This means that a sequence (z,) converges to a point x with respect to d iff it
converges to x with respect to d'.

Example 2.5. Let z and y be points in R™. Define

di(z,y) =z =yl where 2]y =|z1]+...+ |z
dy(x,y) =z —yl2 where |z]2=+/2f+...+ 2]
doo(@,y) =z —ylloo  where |[z]oc = max{|z1],...,|zn[}.

These give three different metrics on R™. More generally, if X is any subset of R™ then we can
use any of these metrics to make X into a metric space. We'll use the metric do unless otherwise
specified.

Lemma 2.6. The metrics di, do and do, on R™ are all strongly equivalent to each other.

Proof. Suppose z,y € R™. Put z; = |x; —y;| (fori=1,... ,n) and ry = ||z||x (for k =1,2,00). It
will be enough to show that
re < Vnreo < v/nry < nra.

Clearly z; < max{zi,...,2,} = roo for all 4, so
=YY 2
i i

50 9 < /M.
Next, note that ro, = z; for some j, so 7 is one of the terms in the sum that defines 1, and
all these terms are nonnegative, 80 roo < 71, S0 /Moo < 4/N77.
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Finally, put w; = z; — r1/n, so w? = 22 — 2z;71/n +r?/n?. We then have

=72 —ri/n.

As Y, w? is clearly nonnegative, we conclude that 73 — r¥/n > 0 so 7{/n < r3 so r1 < \/nry so
v/nry < nrg, as claimed. O

Example 2.7. Let X be any set, and define
0 ifze=y
d(z,y) = :
1 ifx#y.
This is a metric on X, called the discrete metric.

Example 2.8. Let X be the set of continuous functions from [0, 1] to R, and define
1 1/2
5.9 = [ (@) - ata)ac)
0

This is a metric on X.

We next define some important examples of subsets of R™, that are defined for all n.

I=100,1]={zeR : 0<xz <1} (the unit interval)
B" = {(x1,...,1,) €R" 1z + ...+ 22 < 1} (the closed unit n-ball)

B" = {(x1,...,1,) €R" : 2] + ...+ 22 < 1} (the open unit n-ball)

S™ = {(z0,... ,xn) €E R 123 + ...+ 22 =1} (the unit n-sphere)
® ® - o
1 o1 0
B B S

2 °2 1
B B S
Remark 2.9. We will often identify R? with C (via (z,y) < x + iy), and thus S with {z € C :
2] =1}

Example 2.10. Let M, (R) be the set of all n x n matrices over R. This can be identified with

R™ and thus considered as a metric space using any of the metrics in Example 2.5. We will also
consider the subspace GL,,(R) consisting of the invertible matrices (or equivalently, matrices A
with det(A4) # 0).
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The metric do for matrices has a nice interpretation that will be useful later.

Definition 2.11. Let A be an n x n matrix with entries A;; for 4,5 = 1,... ,n. Recall that the

transpose of A is the matrix AT whose (i,7)’th entry is Aj;, and the trace of A is the number
trace(A) = >0 Ag.

Proposition 2.12. For any n x n matriz A we have ||A|l2 = /trace(AAT). Thus, if A and B
are n X n matrices we have

da(A, B) = | A~ Blla = \/trace((4 — B)(AT — BT)).

Proof. If A and B are any n X n matrices, then the (¢, k)’th entry in AB is just Z;;l AijBji. In
particular, the (¢,7)’th entry is Zj A;;Bj;, so the trace of AB is Z” A;;Bj;. Now take B = AT,
so Bj; = A;j. We find that trace(AA”) = D A7 = ||A]l3, as claimed. O
Definition 2.13. An n x n matrix A is orthogonal if AAT = I. (Here AT is the transpose of A,
so the (4,7)’th entry in AT is the (j,4)’th entry in A; and [ is the identity matrix.) We write O(n)
for the set of all n x n orthogonal matrices, and SO(n) for {A € O(n) : det(A4) = 1}. We regard

these as subspaces of M, (R).
The space O(2) consists of all the rotation matrices and reflection matrices:

oo = () ot

(
oty (S0 01 )

The subspace SO(2) contains only the rotations. As we will explain in more detail in example 3.12,
the space SO(2) can be identified with the circle S, and O(2) can be identified with a pair of
disjoint circles.

rot o
rot =rot_e rot =id

rot

ref T[: ref ref

-T2

The set SO(3) consists of all the rotations (about all possible axes passing through the origin)
of three dimensional space. It has a more complicated topology, which we shall study later.

Definition 2.14. Let A be a 2 x 2 matrix of complex numbers. Let At be the result of transposing
A and taking the complex conjugate of all the entries. Thus, if A = (’é Z) then At = (% 5) We
define

SU(2) = {A € MyC : det(A) =1and AT = A71}.
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Recall that
53 = {(w,x,y,z) € R4 : w2+x2 +y2 —‘,—2;2 = 1}

It can be shown that the correspondence

(w, 2,9, 2) < w4ir  y+iz
Y —y+iz w—ix

identifies S? with SU(2).

Definition 2.15. Let A be an (n+1) x (n+ 1) matrix, with entries A;; for i, j = 0,... ,n. Recall
that the trace of A is the sum of the diagonal entries, so trace(A4) = >, A;;. We define

RP" = {A€ M, 1(R) : AT = A% = A and trace(A) = 1},
and we call this the real projective space of dimension n.

You may have previously seen a rather different definition of the projective plane RP?; later
we will show that it is homeomorphic to the space described above.

Definition 2.16. Let X and Y be metric spaces. We define
d: (X xY)x (X XY)—[0,00)
by d((z,y), («',y)) = d(z,2") + d(y, y/)-
Proposition 2.17. The function d is a metric on X XY (called the product metric).
Proof. For M1, note that
d((x,y), (2",y") =0 & d(z,2") +d(y,y") = 0
& d(z,2") =0 and d(y,y") =0
Sr=2andy=1
& (z,y) = (@,y).

At the second stage we used the fact that d(x,2’) > 0 and d(y,y’) > 0, and at the third stage we
used M1 for X and Y.

Axiom M2 for X x Y clearly follows from M2 for X and Y.

For M3, suppose we have three points (z,y), (2/,y’) and (2”,y”) in X x Y. The triangle
inequalities for X and Y tell us that

d(z,2") < d(x,2") +d(2',2")
d(y,y") < d(y,y') +d',y").
By adding these two inequalities, we obtain
d((z,y), (=",y")) < d((z,y), (', y") +d((«", "), (", 4")),

as required. O

Remark 2.18. We could instead have used the functions

d'((x, = d(z,2')2 + d(y,y')>

or

d"((z,y), (2',y")) = max(d(z, "), d(y,y"))-

These give two more metrics on X X Y, both of them strongly equivalent to the metric considered
above.

Proposition 2.19. A sequence (x,,y,) converges to (x,y) with respect to the product metric on
XxY iffe, - xinX andy, —y inY.
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Proof. Suppose that 2, — « in X and y, — y in Y. Then d(x,,2) — 0 and d(yn,y) — 0 so

d((l‘n, yn)7 (x’y)) = d(xnax) + d(ynvy) —0+0=0,

S0 (T, Yn) — (z,y) in X x Y.
Conversely, suppose that (z,,y,) — (z,y) in X XY, so d((zn,yn), (z,y)) — 0 in R. Clearly
we have

0 < d(xn,r) < d(n, ) + dYn,y) = d((Tn, Yn), (x,y)) — 0,

so by the sandwich test we see that d(z,,z) — 0, so that x, — x in X. By a similar argument

we see that y, — yin Y. ([
Remark 2.20. Suppose we have a sequence z;, o, ... in R", where z; = (21, %s2,... ,Tin) say.
The same argument shows that this sequence converges to a vector y = (y1,...,yn) € R™ iff
T —Y;as k —oofori=1,... ,n.

3. CONTINUOUS MAPS

Definition 3.1. Let X and Y be metric spaces, and let f be a function from X to Y. We say that
f is continuous if whenever we have a sequence (z,) converging to x € X, the sequence (f(z,))
in Y converges to the point f(x).

Remark 3.2. If we replace the metrics on X and Y by strongly equivalent ones, this does not
change the notion of convergence, and thus does not change the notion of continuity.

Example 3.3. f X CR"and Y C R™ and f(z) = (f1(2), ..., fm(x)) and each function f;: X —
R is a polynomial in (z1,... ,2,) then f is continuous. Similarly if f; = g;/h; where g; and h; are
polynomials and h; is never zero on X.

Example 3.4. We can define a map f: R® — R3 by f(z,y,2) = (v +y + 2z, 2y + yz + 22, 2y%2).
Asz+y+ z, xy + yz + zx and zyz are polynomial functions of x, y and z, we see that this is
continuous.

Now put U = R3\ {0} and define g: U — U by
9(z,y,2) = (/(@® +y* + 2%),y/ (2" + ¥ + 2%), 2/ (2 +y* + 2%)).

As 22 +y? + 22 is a polynomial that is nonzero everywhere on U, we see that g is also continuous.

Example 3.5. Define f,g: My(R) — M3(R) by f(A) = A% and g(A) = the reduced echelon form of A,
and define h: GLy(R) — GLy(R) by h(A) = A=1. Then

f a b\  [(a®+bc ab+bd
¢ d)  \ac+ed be+d?)°
so the entries in f(A) are polynomials in the entries of A, so f is continuous. Similarly,
(@ b\  [(d/(ad—bc) —b/(ad—bc)
¢ d)  \c¢/(ad—bc) af(ad—bc) )’

and ad — bc = det(A) is a polynomial that is nonzero everywhere on GL3(R), so & is continuous.
However ¢ is not continuous. To see this, put A,, = ((1) 1%) and B = (}9). Clearly A, — B,
but g(A,) =1 and g(B) = B # I so g(A,) /> g(B).

Proposition 3.6. If X Ly % 7 and f and g are continuous then gf is continuous.

Proof. Suppose we have a convergent sequence z,, — x in X. As f is continuous, we deduce that
flzn) — f(z) in Y. As g is continuous, we deduce that gf(z,) — ¢f(x) in Z. This means that
gf is continuous as claimed. O

Proposition 3.7. Let X, Y and Z be metric spaces, and give Y x Z the product metric. Let
f+ X = Y xZ be a function, so f(z) = (g(x), h(x)) for some functionsg: X — Y andh: X — Z.
Then f is continuous iff g and h are continuous.
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Proof. Suppose that g and h are continuous. For any convergent sequence x,, — x in X, we have
g(xn) — g(z) in Y (because g is continuous) and h(z,) — h(x) in Z (because h is continuous).
We deduce from Proposition 2.19 that (g(z,),h(zn)) — (g(x),h(z)), or in other words that
f(xy) — f(x). This shows that f is continuous, as required. The argument can be reversed to
prove the converse. O

Definition 3.8. A function f: X — Y between metric spaces is Lipschitz if there is a number
C > 0 (called a Lipschitz constant for f) such that d(f(x), f(z')) < Cd(x,2’) for all z,2' € X. Tt
is easy to see that Lipschitz functions are continuous.

The following alternative characterisation of continuity is also useful.

Proposition 3.9. Let f: X — Y be a function between metric spaces. Then f is continuous iff
for each € >0 and x € X there exists § > 0 such that d(f(x), f(z')) < € whenever d(z,z’) <.

Proof. Suppose that f is continuous, and we are given € > 0 and € X. Suppose for a contradic-
tion that there is no § with the stated property. Then in particular, for any n > 0, we cannot take
d = 1/n, so there must exist =, € X with d(z,z,) < 1/n but d(f(x), f(z,)) > €. It follows from
this that z, — x but f(z,) /~ f(x), which is impossible because f is continuous. Thus there
must exist a § after all.

Conversely, suppose that f satisfies the condition in the proposition. Consider a convergent
sequence =, — « in X; we must show that f(x,) — f(x). In other words, given € > 0, we must
show that there exists N such that d(f(z,), f(z)) < € whenever n > N. By assumption we can
choose 0 such that d(f(z'), f(z)) < € whenever d(z/,z) < §. As z, — z, we can choose N such
that d(zn,z) < § whenever n > N. It follows that when n > N we have d(f(z,), f(z)) < € as
required. O

Definition 3.10. A homeomorphism between spaces X and Y is a continuous map f: X — Y
which has an inverse map g: Y — X (so f(g(y)) = y for all y and g(f(x)) = « for all ) that is
also continuous.

Example 3.11. If ¢ < b and ¢ < d then the ma c+ (t—a)(d—c)/(b—a) gives a

p =
homeomorphism f: [a,b] — [c,d], with inverse f~1(s) = a + (s — ¢)(b — a)/(d — ¢). The same
formulae give homeomorphisms (a,b) ~ (¢,d) and [a,b) ~ [¢,d) and (a,b] ~ (¢, d].

ft)
)

Example 3.12. Define f: St x {1,—1} — O(2) by

fena = (5 )

SO

f(cos(6),sin(9),+1) = (Z?I?((Z)) _czl:(lég)) = rotg

and

F(cos(0), sin(0), —1) = (Zf;’gg)) _Slcf;(s‘?e)) — refy .

It is easy to see that this is a homeomorphism, with inverse

ft (a Z) = (a,¢,ad — be).

c
Proposition 3.13. The map f(x) = x/(1 — x?) gives a homeomorphism f: (—1,1) — R.

Proof. This is essentially clear from the graph of f:
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-41

You can check that the derivative is f/(z) = (1+22)/(1—22)?, which is always strictly positive, so
f () is strictly increasing, so it never takes the same value more than once. In other words, it is an
injective function from (—1,1) to R. As x approaches %1 it is easy to see that f(z) tends to £oo.
Given any real number y, this means that f(x) < y when « is close to —1, and f(x) > y when
is close to 1. Thus, the intermediate value theorem tells us that f(z) = y for some = € (—1,1), so
f is surjective, and thus bijective.

We now give a more algebraic argument, which enables us to check that the inverse is continuous.
For any y # 0, we define g(y) = (—14+/1 4+ 4y2)/(2y); this is a continuous function g: R\{0} — R.
One can check using L’Hopital’s rule that g(y) — 0 as y — 0, so we can define g(0) = 0 to get a
continuous map ¢g: R — R. For y # 0 we have

1 <1+4y% <144y +4y° = (1+2y)?,

so (by taking square roots)

1<v14+4y? <142yl

If we subtract 1 and divide by 2|y| we find that

=14 /1 + 4y? <1
2|yl ’

so the range of g is contained in (—1,1), so we can regard g as a map R — (—1,1). (We need to
remark separately that ¢(0) € (—1,1), just because g(0) = 0.)

The definition of g(y) comes from the quadratic formula: it is one of the solutions of the equation
yr?+x—y = 0. Thus, yg(y)?>+g(y) —y = 0, which can be rearranged to give y = g(y)/(1—g(y)?),
or in other words y = f(g(y)).

In the other direction, we have

0<lgy)| =

1—22?)? 422 1— 222 + 2% + 422 1+a22\?
1+4f(33)2:( 2)2"' 0z 212 = 2
(1—2x2) (1—22) (1—x2) 1—x
When z € (—1,1) we see that the term in brackets is positive, so
1+ 22
1+4f(x)? = =2
SO
—14++/1+4f(x)? 1f:r2+1+:v2 / 2z
= (= =z
2f(z) 1—22 1-22)"1—2a? ’

or in other words ¢g(f(x)) = . Thus f and g are inverses of each other, and they give a homeo-
morphism (—1,1) ~ R. O
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Example 3.14. Let N be the “north pole” of the sphere S?, in other words the point (0,0, 1).
The map f(z,y,2) = (z/(1 — 2),y/(1 — 2)) gives a homeomorphism S?\ {N} — R? with inverse
g(u,v) = (2u, 2v,u? +v% —1)/(u? +v% +1). This is called stereographic projection. Geometrically,
f(z,y,2) is the unique point where the line joining N to (x,y, z) meets the plane z = 0, and
f(u,v) is the unique point where the line joining N to (u,v,0) meets S2.

(va!o) (U,V,O):(X,y,o)/(l-Z)

To validate all this algebraically, first note that u? +v? 4+ 1 > 0 for all (u,v) € R?, so g is defined
and continuous everywhere on R?. Next, note that N is the only point in S? where z = 1, so f is
defined and continuous on S? \ {N}. Moreover, we have

lg(u, v)[|> = (u* +v* +1)72((2u)* + (20)* + (u® + v* = 1)?)
B 4u? + 40?2 + ut + v + 1+ 2u?0? — 202 — 02
B ut + vt + 1+ 20202 + 2u2 + 202

=1,

so g really is a map from R? to S2. As u?+0v?—1 < u?+v?+1 for all (u,v) we see that g(u,v) # N
so g is a map from R? to S2\ {N}. Also, if g(u,v) = (z,y,2) then = 2u/(u? + v* + 1) and

u?+0P—1 (w402 +1)— (w402 -1) 2

1— =1 — = =
: u? +v2+1 u? +v2 41 (u2 4+ 02 +1)’

so /(1 — z) = w. Similarly y/(1 — z) = v, and it follows that fg(u,v) = (u,v).
Finally, suppose that (z,y,2) € S? and f(z,y,2) = (u,v). Then 22 + y? + 22 = 1 and
u=2x/(1—z)and v=1y/(1 — z). This gives

o B =2) 2Pyt al-2  2-20 2
(1—2)2 (1-2)2 (1-2)2 1-z
Thus
2u 2z 2

u2+v2+1:1—z/1—z:x'
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Similarly, we see that (2v)/(u? + v? + 1) = y. We also have 2% +y? =1 — 22, so
22+ y? — (11— 2)?

2, .2
u”+v°—-1= (=22
224y — 22— 1+22
- (1—2)?
1—22—-22-1+22
T -

_22(1-2) 22
1—2  1-z
From this we see that (u? +v? —1)/(u? +v? + 1) = 2, and it follows that gf(z,y,2) = (z,v, 2) as
required.

Example 3.15. The previous example can be generalised: if a is any point in S™ for any n, then
S\ {a} is homeomorphic to R™. To see this, put V = {z € R"™! : (a,z) = 0}, the set of vectors
orthogonal to a. This is a vector subspace of dimension n, so it is isomorphic to R™, and one can
check that any linear isomorphism is in fact a homeomorphism. It is thus enough to show that
S™\ {a} is homeomorphic to V. As before, for x € S™ \ {a} we let f(x) be the point where the
line from a through = meets v. The formulae are

_x—(z,a)a
A
Ly 20 () - Da

N TS

Example 3.16. Put X = [-1,0] x {1} U (0,1] x {0} C R?; note that the point (0, 1) is included
in X, but (0,—1) is not. Put Y =[—1,1] x {0}, and define f: X — Y by f(x,y) = (z,0). This is
evidently continuous, and in fact is a bijection, with inverse

(= 1) ifz <0
9(@,0) = {(z,l) if 2 > 0.

However, the map ¢ is discontinuous at the point (0,0), so f is not a homeomorphism.

r—el e
e o | _fvvuvuvuyy -
AAAANA
X f
“““

Example 3.17. The map f(z) = (||=||,/||z||) is a homeomorphism R™ \ {0} ~ (0,0) x S"~ 1,
with inverse g(t,y) = ty.

Example 3.18. Recall the torus
T=5"x8"={(u,v,2,y) e R* : u? +0* =1 =22 +¢°}.

This is homeomorphic to a sort of inner-tube shape, which can be embedded in R3. To be more
precise, let C' be the vertical circle of radius 1 lying in the (x, z) plane and centred at the point
(2,0,0). The formula is

C={(2,0,2) €R® : (x—2)*+22=1}.
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Let T” be the surface obtained by rotating C around the z-axis. One can define a homeomorphism
f:T—T by

flu,v,z,y) = 2(u,v,0) + z(u,v,0) + y(0,0,1)
=((2+2)u, (2+ z)v,y).

More geometrically, f(cos(6),sin(6),cos(¢),sin(¢)) is the point P in the diagram below, where the
angle marked in yellow is 0, and the angle marked in green is ¢.

The inverse map f~': 7' — T is given by
X Y X24+Y?24+27% -
f‘l(X,Y,Z>=( , AT 5,2).
VX2 4+Y2 /X2 1+ Y? 4
Example 3.19. Consider the spaces
X = {(u,v,w) € C*:u#vand v#wand w # u}

and
Y =Cx (C\{0}) x (C\{0,1}) = {(a,b,c) €C*:b#0and c #0 and ¢ # 1}.
I claim that X is homeomorphic to Y. Indeed, we can define a homeomorphism f: X — Y by
d(u,v,w) = (u,v — u, (w—u)/(v—u)); the inverse is f~!(a,b,c) = (a,a + b, a + be).
Example 3.20. We next consider an example involving a space of functions. Specifically, let X
be the set of all functions f: R — C that satisfy the differential equations
ff"+f=0

12+ 12 =2

One can check that there is a homeomorphism ¢: S? — X given by
d(a,b,c,d)(x) = (a + ib)e™ + (c +id)e™ .
4. COMPACTNESS

Definition 4.1. A metric space X is compact if every sequence in X has a subsequence that
converges in X.

Example 4.2. The space (0, 1] is not compact, because the sequence 1,1/2,1/3,... has no con-
vergent subsequence. Indeed, the sequence converges in R to 0, so every subsequence converges in
R to 0, and thus cannot converge in (0, 1] to anything.

Example 4.3. The space R is not compact, because the sequence (1,2,3,...) has no convergent
subsequence. Indeed, we have d(n,m) > 1 for any two distinct terms in the sequence, which
clearly means that no subsequence can be Cauchy.
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Example 4.4. Let X be a space with only finitely many points; then I claim that X is compact.

Indeed, suppose that X = {a1,...,an,}. Given a sequence (x,) in X, put S, = {n : z, = ar}.
Then N = S; U...U Sk, so at least one of the sets Sx must be infinite, say Sy = {ni,n9,...}
with n; < ng < .... Each term in the subsequence x,,,Zy,,... is equal to aj, so the subsequence

obviously converges to a.

Example 4.5. Let X be the space of all continuous functions from I to I, with the max metric.
Then X is not compact. Indeed, consider the sequence fi, fa,..., where f,(z) = ™. This
converges pointwise to the discontinuous function g, where g(z) = 0 for z < 1 and ¢g(1) = 1. It
follows that every subsequence converges pointwise to g and thus does not converge at all in X.

Proposition 4.6. The space I is compact.

Proof. Consider a sequence (z,) in I. Suppose that there is an increasing subsequence (y,,). This
subsequence is clearly bounded above by 1 (and below by 0) so it converges to some point z. As
0 <y, <1, we see that 0 < z < 1, so some subsequence of (xn) converges to a point in I as
required. A similar argument works if (z,,) has a decreasing subsequence. Moreover, the “Spanish
hotels theorem” guarantees that every sequence in R has either an increasing subsequence or a
decreasing one, so the argument works in general. O

Definition 4.7. A metric space X is bounded if there is a constant C' such that d(z,y) < C for
all z,y € X.

Remark 4.8. The bounded space (—1, 1) is homeomorphic to the unbounded space R (see Propo-
sition 3.13). Thus, unlike most of the other concepts that we have defined, boundedness is not
homeomorphism-invariant.

Exercise 4.9. Show that a nonempty metric space X is bounded iff there is a point g € X and
a constant C' € R such that d(x,z0) < C for all z € X.

Proposition 4.10. If X is compact and there exists a continuous surjective map f: X — Y then
Y is compact. In particular this holds if Y is homeomorphic to X.

Proof. Given a sequence (y,) in Y, choose points z,, € X such that f(x,) =y, (which is possible
because f is surjective). As X is compact, we have z,, — x for some subsequence (x,, ) of (z,)
and some point z € X. As f is continuous we have y,, = f(zn,) — f(z), which shows that some
subsequence of (y,) converges in Y. Thus Y is compact, as claimed. O

Corollary 4.11. If f: X — Y is a continuous map and X' is a compact subspace of X, then the
space Y' := f(X') is a compact subspace of Y (because we can regard f as a continuous surjection
from X' toY').

Proposition 4.12. A closed subspace of a compact space is compact.

Proof. Let X be a compact space, and let Y be a closed subspace. Suppose we have a sequence
(yn) in Y. We can regard this a a sequence in X, so by compactness there is a subsequence (yy, )
that converges to some point y € X. However, Y is closed and (yy, ) is a sequence in Y that
converges in X to y so y must also lie in Y. Thus our original sequence has a subsequence that
converges in Y, showing that Y is compact. O

Proposition 4.13. If X and Y are compact metric spaces, then so is X X Y.

Proof. Suppose we have a sequence (z,) in X x Y, where z, = (x,,y,) say. As X is compact,
some subsequence (x, ) of (z,) converges in X to some point x say. Write 2} = z,,, and ¥}, = yn,
and z;, = (2},,}), so x}, — .

Next, as Y is compact, some subsequence of the sequence (y;,) converges in Y, say yfcj — .
Put o} = z) and yj =y, and 27 = (27, y}). Then (z]) is a subsequence of (z,), and yj — y.
Moreover, (z7) is a subsequence of the sequence (z}), which converges to z, so 2/ — z. Using
Proposition 2.19 we deduce that zg’ — (z,y), so our original sequence has a convergent subsequence
as required. O
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Corollary 4.14. If X1,..., X, are compact metric spaces then so is X1 X ... x X,.

Proof. Induction. O

Theorem 4.15. A subspace X C R"™ is compact iff it is closed and bounded.

Proof. First suppose that X is compact. We will use the same arguments as in Examples 4.2
and 4.3 to show that X is closed and bounded. First, suppose we have a sequence (z,) in X that
converges to some point © € R™. By compactness, some subsequence (z,,) converges to some
point 2’ in X. However, as the sequence (x,) converges to = we see that every subsequence also
converges to z so x = z’. As 2’ € X we see that x € X, which proves that X is closed.

Next, suppose for a contradiction that X is unbounded (and thus nonempty). Choose a point
xg € X. Using Exercise 4.9, we see that there is no constant C such that d(x,zq) < C for all
2. We can thus choose a sequence (zy) such that d(xgy1, o) > d(xk, o) + 1 for all & > 0. The
triangle inequality implies that

d(xnvmm) 2 |d(xn7$0) - d((Em,LL'())‘ Z 1

whenever n # m. Using this, we see that no subsequence of (z,) can be Cauchy, so no subsequence
can converge. This contradicts compactness, so X must be bounded after all.

For the converse, we now assume that X is bounded and closed. As X is bounded, it is contained
in some set of the form [—R, R]™. The space [—R, R] is homeomorphic to I, and thus is compact
(by Propositions 4.6 and 4.10). It follows from Corollary 4.14 that [— R, R]|™ is compact, and thus
from Proposition 4.12 that X is compact. d

Corollary 4.16. If X is a compact metric space and f: X — R is continuous then f is bounded.
(In other words, there is a constant C' such that |f(z)] < C for allz € X.)

Proof. The space f(X) C R is compact by Proposition 4.10, so the Theorem tells us that f(X) C
[-C, C] for some C, as required. O

Theorem 4.17. If f: X — Y is a continuous bijection between metric spaces and X is compact,
then f=1 is also continuous (so f is a homeomorphism,).

Remark 4.18. In Example 3.16 we saw that the projection map [—1,0] x {1} U (0,1] x {1} —
[—1,1] is a continuous bijection but not a homeomorphism. This does not contradict the Theorem,
because the set [—1,0] x {1} U (0,1] x {—1} is not closed in R? and thus (by Theorem 4.15) is not
compact.

Proof. Suppose not. Then we can find a convergent sequence ¥, — y in Y such that f~1(y,) /4~
1 (y). Write z,, = f~'(y,) and @ = f~!(y), so x,, #~ . By the definition of convergence, there
exists € > 0 such that there is no N > 0 for which d(z,,z) < € for all n > N. This means that
we can choose a strictly increasing sequence ny < ng < ... such that d(z,,,z) > € for all k. Put
T}y, = Tp,, s0 (7},) is a subsequence of (z,,). As X is compact, we can choose a subsequence (z//) of
(z},) such that 27/ — 2" for some 2" € X. As f is continuous, we conclude that f(z7) — f(z").
However, (f(z')) is a subsequence of (f(x,)) and f(zn) = yn — y so f(z}) — y. As limits are
unique, we conclude that f(z”) =y, so 2/ = f~1(y) = x. This means that x} — x, which is a
contradiction because d(x/,z) > € for all j. Thus f ~! must be continuous after all. O

5. UNIFORM CONTINUITY

Definition 5.1. Let f: X — Y be a map between metric spaces. We say that f is uniformly
continuous if given € > 0 we can choose § > 0 such that d(f(z), f(z')) < € whenever d(z,z") < 4.

At first sight, Proposition 3.9 might seem to say that all continuous maps are uniformly con-
tinuous, but there is a subtle point. In Proposition 3.9, the number ¢ is allowed to depend on the
point z; in the definition above, the number § is the same for all points z € X.
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Example 5.2. Consider the map f: R — R given by f(x) = 22, which is of course continuous.
We claim that it is not uniformly continuous; in fact, if we take e = 1, then there is no § > 0 such
that d(f(z), f(z")) = |f(z)—f(2)] < e =1 whenever |[z—2'| < §. Indeed, for any § > 0 we can take
r=1/§ and 2’ = 1/§ +§/2 and we find that |z —2'| = §/2 < § and |f(z) — f(2)] = 1 +6%/4 > 1.

On the other hand, it is an important fact that when X is compact, continuity implies uniform

continuity.

Theorem 5.3. Let f: X — Y be a continuous map of metric spaces, and suppose that X is
compact. Then f is uniformly continuous.

Proof. Suppose € > 0; we must find § > 0 such that d(f(z), f(z')) < § whenever d(z,z') < e.

Suppose for a contradiction that there is no such 4. In particular, for any n > 0, we cannot take

d = 1/n, so there must exist x,,z, € X with d(z,,x}) < 1/n but d(f(x,), f(z),)) > €. As X is

compact, we can choose a convergent subsequence (z, ) of (z,), with limit y say. Note that
(@, y) < (@, 2n,) + d(2n,,y) <1/ + d(@n,,y) = 0+0=0.

Thus, the sequence (27, ) also converges to y. As f is continuous we conclude that f(z,,) — f(y)

and also f(x], ) — f(y),sod(f(zn,), f(x},,)) — 0. This contradicts the fact that d(f(z,), f(z;,)) >

Nk

€ for all n. 0

6. PROJECTIVE SPACE

Proposition 6.1. There is a homeomorphism f: S' — RP!, given by

ren=5 (107 7).

Proof. Recall that RP! is the set of all 2 x 2 matrices A that satisfy the conditions A2 = AT = A
and trace(4) = 1. If A = (24) then AT = (¢ 3) and trace(A) = a + d. Thus, if AT = A and
trace(4) = 1 then we must have b = c and d = 1 — a, so A has the form ({,%,). We then find

that
A2* a2+b2 b
o b 1—2a+a?>+0b%)’

so A% = A if and only if a® + b? = a. In summary, RP? is the set of matrices ({,?,) for which
a’ + b = a.

On the other hand S* is the set of vectors (z,y) € R? for which 22 + 3% = 1.

If (x,y) € S* and we put a = (1 +x)/2 and b =y/2 then 1 —a = (1 — x)/2 and

a2+ =1+22+2*+yH)/d=(2+21)/d=a

fa b\ 1(142z y
f(a:,y)(b 1—a)2< Yy 1—x>

lies in RP!. This defines a continuous map f: S — RP!.
Conversely, suppose we start with a matrix A = (¢ ,°,) € RP', so a? + b> —a = 0. Then

(2a —1)* 4+ (20)* = 4a® —da+ 1 +4b* = 4(a®> +b* —a) +1 =1,

so the matrix

so the vector g(A) = (2a — 1,20b) lies in S!. This gives a continuous map g: RP! — S1. It is easy
to check that f(g(A)) = A and g(f(z,y)) = (z,y), so f and g are homeomorphisms. |

When n > 1, the topology of RP™ is more complicated, and is related to the topology of S™ in
a more subtle way.

Proposition 6.2. There is a surjective continuous map q: S™ — RP™, such that q(x) = q(y) if
and only if y =x ory = —zx.

Proof. Combine Lemma 6.3, Lemma 6.4 and Corollary 6.6. O
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Lemma 6.3. There is a continuous map q: S™ — RP™, such that q(—z) = q(x), and q(z)y =
(m,y)x for all vectors y € R" L. (Here q(x)y is the usual product of the matriz q(x) with the
vector y.)

Proof. Suppose that x € S™, so x = (zp,... ,2,) € R" and Y, 22 = 1. We define A;; = z;z;,
which gives a square matrix A € M,,41(R). Clearly A;; = A;j, so A= AT. We also have

trace(A) = iAu‘ = Xn:xf =1.
i=0 =0

Finally, recall the definition of matrix multiplication: the (7,7)’th entry in AB is ), A;xB;.
Taking B = A, we see that the (i, j)’th entry in A? is

AikAkj = LilpTplj = Tilj Ty = TiTj = Aij.
k k k

This shows that A2 = A and thus that A € RP™.
Similarly, for any vector y, the i’th entry in the vector Ay is

ZAwa = xzzxjyj = (z,y)zi,

so Ay = (x,y)z as stated.
As A depends (only) on z, we can define a function ¢g: S™ — RP" by ¢(z) = A. This is clearly
continuous. As (—z;)(—z;) = x;x;, we see that ¢(—z) = ¢(z). O

Lemma 6.4. The map q: S™ — RP" is surjective.

Proof. Suppose that B € RP", so B> = BT = B and trace(B) = 1. We must find = such that
B = g(x). Because trace(B) = 1 we have B # 0 so Bu # 0 for some vector u. Put = Bu/||Bul|,
soz € S™, so we can put A = ¢(z). Using B> = B we see that Bz = B?*u/||Bu|| = x. The previous
lemma tells us that for any vector y we have Ay = (y,z)x so BAy = (y,z)Bx = (y,z)x = Ay, so
BA = A. Taking transposes gives AT BT = (BA)T = AT, but AT = A and BT = B so we see
that AB = A also. It follows that

(A—B)(AT — BT)=(A—-B)(A - B)
=A%> - AB— BA+ B?

=A-A-A+B

=B - A
Thus, trace((A — B)(AT — BT)) = trace(B) — trace(A) = 1 —1 = 0. Thus, Proposition 2.12 shows
that dQ(A, B) = O, so B = A = q(z) as required. O

Lemma 6.5. If z,y € S™ then (x,y)? = trace(q(x)q(y)) and d2(q(x),q(y)) = /2(1 — (z,y)?).

Proof. In general, if we have matrices A and B, with entries A;; and B;;, then the (i, k)’th entry
in the product matrix AB is Zj A;;Bji. In particular, the (¢,)’th entry is Zj A;jBj;. Thus, the
trace of AB is 3_, >, A;jBj;. Now take A = g(z) and B = q(y), so A;j = x;x; and Bji = y;y;, s0

trace(AB) Zx Yy = (Z xiyi)(z zy;) = (z,y)(x,y) = (2,9)>.

Similarly, we have trace(BA) = (z,y)%
Next observe that A2 = AT = A and B?> = BT = B so

(A-B)(AT —BT)=(A-B)(A-B)=A?> - AB—-BA+ B*= A+ B - AB — BA.

As trace(A) = trace(B) = 1 and trace(AB) = trace(BA) = (z,y)? we find that trace((A —
B)(AT — BT)) = 2(1 — (z,y)?). Proposition 2.12 tells us that this is the same as da(A, B)?, which
completes the proof. O

Corollary 6.6. If x,y € S™ and q(x) = q(y) then either x =y or x = —y.
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Proof. 1t is clear from the lemma that q(z) = q(y) iff d2(q(z),q(y)) = 0 iff (z,y)? = 1 iff (z,y) =
+1. As z and y are unit vectors, the only way we can have (z,y) = +1 is if y = +=z. O

Proposition 6.2 has the following corollary.

Corollary 6.7. If we define an equivalence relation ~ on S™ by z ~ y if and only if y = x or
y = —x, then q induces a bijection (S™/ ~) — RP™. d

In the case n = 1, Proposition 6.1 gives a homeomorphism f: S' — RP', and Proposition 6.2
gives a map ¢q: S* — RP! that satisfies ¢(—x) = ¢(z) and thus cannot be a homeomorphism. To
understand the relationship between f and ¢, consider f~!ogq: S — S'. Using the formulae in
the two proofs and the fact that 22 + y? = 1 we find that

2wy

fla(z,y) =1 (my y2> = (22° — 1,22y) = (2% — y?, 22y).

For comparison, observe that (z + iy)? = (22 — y?) + 2xyi. Thus, if we identify S with the set
{2 €C : |z| =1} then f1g(z) = 2%

Next, we relate our definition of RP? to that given in the Knots and Surfaces course (for
example). There, one starts with a square, and attaches the edges together as shown on the left
below.

Equivalently, we can start with the lower hemisphere as shown on the right, and attach the
boundary circle to itself as shown. Of course, it is not possible to attach the circle to itself in this
way in three dimensions without making the surface cross over itself, so RP2? cannot be realised as
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a subset of R3. If we allow self-intersections we get the following picture, called the Boy surface:

»

The relationship between RP? and the Boy surface is like the relationship between (for example)
the trefoil knot (a curve in R? without self-intersections) and its plane projection (a curve in R?
that crosses itself in three places).

QD O

7. OPEN AND CLOSED SETS

Definition 7.1. Let X be a metric space,  a point of X, and r a strictly positive real number.
Define

(o]

By (zx)={ye X : d(z,y) <r}

Br(z)={y e X : d(z,y) <}
These are called the open and closed balls of radius r around .
Definition 7.2. Let X be a metric space. A subset U C X is open if for each = € U there exists
€ > 0 such that l(zj’e(x) CU. A subset F C X is closed if the complement F = X \ F is open.
Remark 7.3. Yet again, this depends only on the strong equivalence class of the metric on X.

Proposition 7.4. A subspace F' C X 1is closed iff the following condition holds: if x,, is a sequence
in F that converges in X to a point x € X, then x € F.
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Proof. Put U = X \ F. Suppose that F satisfies the stated condition; we need to prove that F' is
o
closed, or equivalently that U is open. If not, then there must exist « € U such that no ball B.(z)

is contained in U. In particular, the ball By, () is not contained in U, so we can choose z,, € X
such that d(z,,z) < 1/n and z, € U. As d(z,,x) < 1/n we clearly have z,, — z. AsU =X\ F
and x,, ¢ U we must have x,, € F'. Our condition on F' now tells us that x € F', contradicting the
assumption that € U. This contradiction shows that U must be open after all.

Conversely, suppose that F' is closed, or equivalently U is open. We need to show that F
satisfies the stated condition. Suppose that x,, — x in X and z,, € F for all n; we need to show

that z € F. If not, then z € X \ F'=U. As U is open we know that some ball B.(z) is contained
in U. As z,, — x, there exists N > 0 such that d(z,,z) < ¢ whenever n > N. This means that
N € Be(z) CU,s0xzy € U, so xny € F, which contradicts our assumption about the sequence
(2,). This contradiction shows that we must have z € F after all. O

Proposition 7.5. 1. IfUs,...,U, is a finite sequence of open sets, then (\;_, U; = UrN...NU,
is also open.
2. If Uy, Us,... is a (possibly infinite) sequence of open sets then | J, U; is open.
If Fy,... ,F, is a finite sequence of closed sets, then J;_, F; = F1 U...UF, is also closed.
4. If F\, F, ... is a (possibly infinite) sequence of closed sets then ), F is closed.

w

Proof. 1. Suppose z € Uy N...NU,. As U; is open and = € U; we see that B, (z) C U; for
some €; > 0. Now put € = min(ey, ... ,€,), so that B.(z) C B, (z) C U; for all i. Thus

Bc(x) C (), U;, and this shows that (), U; is open as required.

2. Suppose z € |J; U;, so x € U; for some j. As U; is open we have B(x) C U; for some € > 0.
Clearly U; C |, Us, so Be(xz) € |J; U;. This shows that | J, U; is open as required.

3. This follows from (1) by taking complements, noting that X \ N, U; = |J,(X \ Uj).

4. This follows from (2) by taking complements, noting that X \ |J, U; = ,(X \ U;).

Remark 7.6. The intersection of an infinite sequence of open sets need not be open; for an
example, consider U,, = (=1/n,1/n) C R, so (), U, = {0}. Similarly, the union of an infinite
sequence of closed sets need not be closed; for an example, consider F,, = [-1+ 1/n,1 —1/n], so

Example 7.7. The set B" = {x € R™ : ||z|| < 1} is open in R™. Indeed, suppose that = € B™,
and put € = 1 —[lz]| > 0. If y € Be(z) then [y —z|| < eso [lyl| = [z + (y —2)[| < [zl + ly — 2 <



20 N. P. STRICKLAND

|lz|| + € =1, so y € B™. This shows that B.(z) C B", so B" is open as claimed.

Example 7.8. The set B” = {z € R" : |z|| < 1} is closed in R™. Indeed, if z;, € B™ for all k
and xp — x in R™ then |zx|| — ||z|| but ||zx]] < 1 so ||z|]]| < 1so z € B™, as required. Similar
proofs show that S"~! and A,, are closed in R".

Proposition 7.9. Let X andY be metric spaces, and let FF C X and G CY be closed sets. Then
F x G is closed in X x Y.

Proof. Suppose we have a convergent sequence (z,,yn) — (z,y) in X XY, with (x,,y,) € F xG
for all n. This means that z,, € F and y,, € G for all n. Moreover, Proposition 2.19 tells us that
Tp, — zin X and y, — y in Y. As F and G are closed, we deduce that x € F and y € G, or
equivalently that (x,y) € F x G. This proves that F' X G is closed, as claimed. O

It is an important fact that continuity of functions can be defined in terms of open and closed
sets, without explicit mention of the metric. To prove this, we need to recall a few facts about
preimages.

Definition 7.10. Let f: X — Y be any function. For any set A C X, we write f(A) = {f(x) :
x € A} C Y, and call this the image of A under f. For any set B C Y, we write f !B = {z €
X : f(z) € B}, and call this the preimage of B under f.

Proposition 7.11. Let f: X — Y be a function. Then for any sets A, B CY we have

() S ANB)=fANS'B
(b) fH(AUB)=f'AUf'B
() FHY\A) =X\ [ A,

Proof. This is all trivial once one has untangled the notation. For (a), we note that
re€fYANB)& f(r)€ ANB
< (f(z) € A) and (f(x) € B)
& (z € f71(4)) and (z € f71(B))
sre f YA NfFYB).

The other two parts are similar. O
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Remark 7.12. Contrary to what one might expect, it is not always true that f(f~!(B)) = B or
F7L(f(A)) = A. However, we do always have f(f~1(B)) C B and f~*(f(A)) D A; the proof is an
easy exercise.

Proposition 7.13. Let f: X — Y be a function between metric spaces. Then the following are
equivalent.

(a) f is continuous.
(b) For every open set U CY, the preimage f~1U is an open subset of X .
(c) For every closed set F C 'Y, the preimage f~'F is a closed subset of X.

Proof. We first show that (b)=(c). Suppose that (b) holds, and that F C Y is closed. Then
the set U := Y \ F is open in Y, so f~1(U) is open in X by (b). However, we know that
Y U) = fFYY\F) =X\ fYF),so f7Y(F) = X\ f~Y(U). This is the complement of an
open set, so it is closed as required.

The same argument works the other way around to show that (c)=-(b).

Next, we prove that (b)=-(a) (using the characterisation of continuity given in Proposition 3.9).

Suppose that (b) holds, and we are given z € X and € > 0. Put U = B(f(z)) = {y €Y
d(y, f(z)) < €}, which is open by Example 7.7. As (b) holds, we know that f~1U is open. Also,

f(x) €U,soxz € f~1U. As f~1U is open, there exists § > 0 such that ég(l‘) C f~'U. Thus
d(z,7') < 6 = o' € Bs(x)
=2 €U = f1B.(f(z))

= f(2') € Be(f(2))
= d(f(z), f(2")) <e,
as required. This means that f is continuous, so (a) holds.

Finally, we prove that (a)=-(b). Suppose that f is continuous, and that U C Y is open; we
must prove that f~1U is open in X. Suppose that z € f~1U; we must prove that Bs(x) C f~1U
for some § > 0. As z € f71U, we have f(x) € U. As U is open, we have B.(f(x)) C U for
some € > 0. As f is continuous, there exists § > 0 such that whenever d(a’,z) < §, we have
d(f(z'), f(z)) < e. In other words, whenever 2’ € Bs(z), we have f(z') € Be(f(z)) C U, and thus
2’ € f~1U. This means that Bs(z) C f~1U, as required. ]
Proposition 7.14. Let X and Y be metric spaces, and let F' and G be closed subsets of X such

that X = F UG. Suppose we have continuous maps f: F — Y and g: G — Y such that
f(@) =g(x) for allz € FNG. Then there is a unique function h: X —'Y such that

2) = flx) ifzeF
W) {g(x) ifred.

Moreover, this function is continuous.

Proof. Only the continuity needs proof. Suppose we have a convergent sequence z,, — z in X; we
need to show that h(x,) — h(z). Put S={n : z, e FlandT={n : 2, € G}. As X =FUG
we have N = SUT, so at least one of S and T must be infinite. Suppose first that both S and T
are infinite, say

S:{nl,ng,...}

T:{ml,mg,...}
with ny <ng < ... and m; <mg < .... As ¥, — = we also have x,;, — = and z,,, — x. As
n; € S we have z,; € F for all j, and F'is closed so = lim; , x,, € F. As f: FF — Y is

continuous, we have h(z,,) = f(zn;) — f(z) = h(x). By a similar argument, we have h(z,,,) —
h(z).
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Now suppose we are given € > 0. As h(z,,;) — h(x), there exists J such that d(h(z,,), h(z)) < €
whenever j > J. Similarly, as h(x,,,) — h(z) there exists K such that d(h(z, ), h(x)) < € for
k > K. Now put N = max(nj,mg). If i > N then either i = n; for some j > J or i = my
for some k > K (or possibly both). Either way we have d(h(zy), h(z)) < e. This shows that
h(z,) — h(x), as required. Similar but easier arguments show that h(x,) — h(z) if S is infinite
and T is finite, or if S is finite and T is infinite. Thus h(z,) — h(x) in all cases, proving that h
is continuous. g

8. PATH CONNECTEDNESS

Definition 8.1. A path in a metric space X is a continuous map u: I — X. If u(0) = z and
u(1) = y we say that u is a path from = to y. The reverse of u is the path @: I — X defined by
u(t) = u(l — t); this goes from y to . If u is a path from = to y and v is a path from y to z then
we define a map u*v: I — X by

(w5 v)(1) ={

This is a path from « to z, called the join of uw and v. Finally, for any x € X we can define a
constant map ¢,: I — X by ¢, (t) = « for all ¢; this is a path from z to z.

u(2t) if0<t<1/2
v(2t—1) if1/2<t<1.

Example 8.2. If X is a vector space and z,y € X we can define a map u: I — X by u(t) =
(1—t)x +ty, called the linear path from x to y. This is continuous with respect to any reasonable
metric on X; certainly this works for any of the metrics di, ds or dso on R™. If X is merely a
subset of a vector space then we can still use linear paths, but we need to check that they actually
lie in X.

Example 8.3. Recall that S! = {z € C : |z| = 1}. Given two points z,w € S! we can choose
6, ¢ € R such that z = € and w = ¢’*. We can then define u(t) = e/((1=D0+19) to get a path from
z to w in S*.

Definition 8.4. Let X be a metric space. We define an equivalence relation on X by z ~ y iff
there exists a path in X from z to y. (Constant paths show that this relation is reflexive, path
reversal shows that it is symmetric, and path join shows that it is transitive.) The equivalence
classes are called the path components of X. We write m9X for the set of path components (in
other words mpX = X/ ~). We say that X is path-connected if any two points in X can be joined
by a path, or equivalently |mo(X)| = 1.

Example 8.5. We see using linear paths that R™ is connected.

Definition 8.6. Let X be a subspace of a vector space V', and let a be a point in X. We say that
X is star-shaped round a if for every x € X, the linear path joining a to x in V lies wholly in X.

Example 8.7. The set X shown below is star-shaped around a, but not around b or c.
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Proposition 8.8. If X is star-shaped around some point a € X, then X is path-connected.

Proof. If x,y € X then by using linear paths we see that x ~ a and y ~ a but ~ is an equivalence
relation so x ~ y. More concretely, we can move from x to y within X by going in a straight line
from x to a, and then in a straight line from a to y. O

Proposition 8.9. If n > 0 then the sphere S™ is path-connected.

Proof. Suppose that z,y € S™. We first assume that y # —z, so the linear path from z to y
does not pass through zero, in other words the function u(t) = (1 — t)z + ty has ||u(t)|| # 0 for
0 <t < 1. We may thus define v(t) = u(t)/||u(?)|| to get a continuous function v: I — S™ with
v(0) = u(0)/]|u(0)|| = z/||x|]| = «, and similarly v(1) =y, so z ~ y.

y=u(1)=v(1)

v(1/ 4)

x=u(0)=v(0)

If y = —z then we just choose a third point z such that z ¢ {x,y} = {z, —}, and note that
x~2z~ysox~7y. (Notethat when n = 0, the space S° = {1, —1} has only two points so we
cannot choose z; this is why the proposition needs n > 0.) O

Proposition 8.10. Let X be a metric space, and let f: X — R be a continuous map such that
f(z) #0 for all z € X. Suppose that x,y € X and f(x) <0< f(y). Then z # y.

Proof. If x ~ y, we can choose a path u: I — X with w(0) = x and u(l) = y. Define g =
fou:I — R, so g is continuous and ¢g(0) = f(u(0)) = f(z) < 0 and g(1) = f(u(1)) = f(y) > 0.
The Intermediate Value Theorem now tells us that g(¢t) = 0 for some ¢ € I. Thus u(t) € X and
f(u(t)) = 0, contradicting our assumption about f. This contradiction shows that in fact = ¢ y,
as claimed. O

Corollary 8.11. Let X be a metric space, and let U and V be open subsets of X such that
UUuV=XandUNV=0. IfrcU andy €V thenz L y.

Proof. Define a map f: X — R by

-1 ifxzeU
f(x)_{ﬂ eV
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Note that f is defined everywhere (because U UV = X)) and is well-defined (because U NV = 0).
If W C R is open then f=1(W) is either §, U, V or U UV (depending on whether W N {—1,1} is
0, {—1}, {1} or {—1,1}). All four of these sets are open, so f is continuous. As f(z) # 0 for all
z€ X and f(z) <0 < f(y), we conclude that x ¢ y. O

Proposition 8.12. Let f: X — Y be a continuous map between metric spaces. If xg ~ x1 in X
then f(xg) ~ f(z1) in Y.

Proof. If xo ~ 1 then we can choose a path u: I — X with u(0) = z¢ and u(1l) = z1. Define
v= fou:I — Y (which is again continuous by Proposition 3.6). We then have v(0) = f(u(0)) =
f(zo) and v(1) = f(u(l)) = f(z1), so v is a path from f(z¢) to f(z1) as required. O

This allows us to make the following definition.

Definition 8.13. Let f: X — Y be a continuous map between metric spaces. We then define a
map fi: 10X — moY by fi[z] = [f(x)], which is well-defined by the Proposition.

Proposition 8.14. The maps f. have the following properties.

(a) If f: X — X is the identity map, then fi: mo(X) — mo(X) is the identity map.
(b) If f: X =Y and g: Y — Z are continuous then (gf)s = g« fu: m0(X) — mo(2).
(¢) If f is surjective then f. is surjective.

(d) If f is a homeomorphism then f. is a bijection.

Remark 8.15. Parts (a) and (b) say that the construction my is a functor. They are easy to
check, but we state them explicitly because the idea of a functor turns out to be very important.

Proof.  (a) In this case f(x) =« for all z, so f.[z] = [x].
(b) Here we have

(95)+[z] = [(9/)(@)] = [9(f (@))] = g:[f (2)] = gs fl2],

as required.

(¢) Suppose we have b € 1pY. Choose y € Y such that b = [y]. As f is surjective, we can choose
x € X such that f(x) =y. Now put a = [z], and observe that f,(a) = b; this shows that f,
is surjective.

(d) By parts (b) and (a) we have f.(f~'). = (ff~")« = 1. = 1, and similarly (f~!).f. = 1.
Thus (f~1), is an inverse for the function f.: moX — mY, so f. is a bijection.

OJ

Exercise 8.16. If f is injective, then f, need not be injective.

Proposition 8.17. If X is path-connected and there exists a continuous surjective map f: X —
Y thenY is path-connected. In particular this holds if Y is homeomorphic to X.

Proof. Suppose yo,y1 € Y. As f is surjective, we can choose xg,z; € X such that f(z¢) = yo
and f(z1) = y1. As X is path-connected, we can choose a path u: I — X with u(0) = z¢ and
u(1) = ;. Now define v = fowu: I — Y. This is continuous, because f and u are. Clearly
v(0) = f(u(0)) = f(x0) = yo, and similarly v(1) = y1, so yo ~ y1. Thus any two points in ¥ can
be connected by a path, in other words Y is path-connected. O

Corollary 8.18. If f: X — Y is a continuous map and X' is a path-connected subspace of X,
then the space Y' := f(X') is a path-connected subspace of Y (because we can regard f as a
continuous surjection from X' to'Y').
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Example 8.19. Put X = {(z,y) € R? : xy = 1}.

We can divide this into two subsets as follows:

Ur ={(z,y) € X : >0}

U- ={(z,y) e X : z<0}
These are both open in X, and X = U; UU_- and Uy NU_ = (. Thus no point in U4 can be
connected to any point in U_. We can define a continuous map f1: R — Uy by f(a) = (e%,e™%).
This is easily seen to be surjective, and R is path-connected, so U, is path-connected. We see by

a similar argument that U_ is path-connected as well. This shows that U, and U_ are the two
path-components of X, so |m(X)| = 2.

Example 8.20. Take

X =R\Z={z€R : zisnot an integer }

=...U(-1,00uU(0,1)u(1,2)U...
There is a bijection ¢: Z — mo(X) given by ¢(n) = [n + 1].
Example 8.21. Take
X =GL,(R) ={A e M,(R) : Aisinvertible }

={A e M,(R) : det(A) # 0}.
We can define Uy = {4 € X : det(4) >0} and U_ = {A € X : det(A) < 0}. These are both
open and nonempty (why?) and X = U_ UUy and Uy NU_ = (); this proves that X has at least
two path components. In fact, it can be shown that U, is path-connected. Moreover, if B is any
fixed element of U_ then one checks that the map A — AB gives a homeomorphism Uy — U_,

so U_ is also path-connected. We conclude that Uy and U_ are the path-components of X, so
o (X)| = 2.
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9. CUTTING

In this section we use the functor 7y to prove that certain spaces are not homeomorphic to each
other.

The most obvious way to do this is part (d) of Proposition 8.14: this implies that if X is
homeomorphic to Y then there is a bijection from 7o X to myY, so |moX| = |moY|.

Example 9.1. If X = R\Z = J,,c5(n,n+1) and Y = R\ {0} then 7o X is infinite but |7oY| = 2
so X is not homeomorphic to Y.

Example 9.2. We saw in Example 8.21 that GL,(R) is not path-connected, but M, (R) is a
vector space and thus is path-connected, so GL,(R) is not homeomorphic to M, (R).

This method is unfortunately inadequate to prove many other visually obvious facts such as
that S' is not homeomorphic to R or that R? is not homeomorphic to R?. At least the first of
these can be proved by a small adaptation of the method, however.

Proposition 9.3. S! is not homeomorphic to R.

Proof. Suppose for a contradiction that f: R — S! is a homeomorphism. Put a = f(0) € S*.
Because f is injective we have f(t) # a when t # 0 so f gives a continuous map f: R\ {0} —
S1\ {a}. Similarly, f=! gives a continuous map f~!: S*\ {a} — R\ {0}. These maps are clearly
inverse to each other, so R\ {0} is homeomorphic to S\ {a}. This is a contradiction, because it

is easy to see that S'\ {a} is path-connected but R\ {0} is not. O
More generally, if X is homeomorphic to Y and aq,...,a, are n distinct points in X then
there exist n distinct points by, ... ,b, in Y such that X \ {ai,...,a,} is homeomorphic to Y\

{b1,...,b,}. Indeed, if f: X — Y is a homeomorphism, we can just take b; = f(a;). Using this,
we can prove a number of other non-homeomorphism results.

Proposition 9.4. I is not homeomorphic to S*.

Proof. If I were homeomorphic to S1, then (0,1) = I'\{0, 1} would be homeomorphic to S*\{b1, b2}
for some by, by. This is a contradiction, because (0, 1) is path-connected whereas S* \ {b1,bs} is
always disconnected for any pair {b1,bs} of distinct points.

Proposition 9.5. R is not homeomorphic to R?, because R is disconnected by the removal of any
point, whereas there is no point in R% whose removal disconnects the space. ]

Proposition 9.6. (0,1) is not homeomorphic to [0,1), because [0,1) \ {0} is connected and thus
not homeomorphic to (0,1) \ {b} for any b. O

Proposition 9.7. Put X = {(z,y) € R? : 2y = 0} = (R x {0}) U ({0} x R). Then X is not
homeomorphic to R, because X \ {(0,0)} has four path components and thus is not homeomorphic
to R\ {b} for any b. O

These ideas can be extended to give some numerical invariants of spaces.

Definition 9.8. Let X be a metric space. We write
a(X)=max{|]Y] : Y C X and X \ 'Y is path-connected }
= the greatest number of points that can be removed without disconnecting X
b(X)=min{|Y| : Y C X and X \ Y is disconnected }
= the least number of points that need to be removed to disconnect the space X.
These invariants can be infinite: for example a(R?) = oo, because the plane remains connected

after the removal of any finite set of points. However, we will principally be interested in cases in
which they are finite.

Proposition 9.9. If X is homeomorphic to X' then a(X) = a(X’) and b(X) = b(X’).



ALGEBRAIC TOPOLOGY 27

Proof. Let f: X — X’ be a homeomorphism. If ¥ C X and X \ Y is path-connected then
we put Y/ = f(Y) C X'. As f is a bijection we have |Y’| = [Y|. We also note that f gives
a homeomorphism X \'Y — X'\ Y’ so X'\ Y’ is path-connected. We must therefore have
a(X') > |Y'| = |Y|. By taking the maximum over all possible Y’s, we see that a(X’) > a(X). By
applying this argument to f~1: X’ — X instead of f: X — X', we also see that a(X) > a(X’).
This means that a(X) = a(X’). The argument for b is similar. O

10. HoMmoTOPY

Definition 10.1. We say that two continuous maps f,g: X — Y are homotopic if there exists
a continuous map h: [0,1] x X — Y such that h(0,z) = f(z) for all =, and h(1,z) = g(z) for
all . Such a map h is called a homotopy between f and g. The notation f ~ g means that f is
homotopic to g.

Example 10.2. Consider the space X = R3\ S!. In the diagram below, the copy of S! that has
been removed is the thick circle. The image of a map from S! to X can be pictured as a thin loop
that does not touch that thick one. The diagram is a sketch of a homotopy from a certain map
f: S — X to a certain other map g: S — X.

— =

D C

J

f(x) = h(0,x) h(0.2,x) h(0.4,X)
O &
h(0.6,X) h(0.8,x) o(x) = h(1,x)

Example 10.3. Define f,g: S' — S! by f(2) = z and g(z) = —z. These maps turn out to be
homotopic. Indeed, if we regard S! as a subset of C in the usual way and define h(t, z) = ™'z

then h is a continuous map I x St — St with h(0, z) = f(z) and h(1,2) = —z (because '™ = —1).
Proposition 10.4. The relation of being homotopic is an equivalence relation.

Proof. This is essentially the same as the proof that the relation in Definition 8.4 is an equivalence
relation.

(a) The function h(t,x) = f(z) gives a homotopy from f to itself, proving that the relation is
reflexive.

(b) Suppose that f is homotopic to g. Choose a homotopy h: I x X — Y with h(0,z) = f(z)
and h(1,z) = g(z). Define a map h: I x X — Y by h(t,z) = h(1 —t,z). This is easily seen
to be a homotopy from g to f, proving that the relation is symmetric.

(¢) Suppose that e is homotopic to f and f is homotopic to g. We can then choose a homotopy
k from e to f, and a homotopy h from f to g. Now define a map kxh: I x X — Y by

k(2t if0<t<1/2
(k*h)(t,x) = (2t,2) 1 si<lf
h(2t —1,2) ifl1/2<t<1.
Note that the two clauses of the definition coincide when ¢t = 1/2, because k(1,z) = f(x) =

h(0,z). It is easy to see that k * h is a homotopy from e to g, proving that the relation is
transitive as required.
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O

Proposition 10.5. Suppose we have continuous mapse: W — X and f,g: X =Y and h: Y —
Z, and that f ~ g. Then fe ~ ge and hf ~ hg and hfe ~ hge.

Proof. Let u: I x X — Y be a homotopy from f to g. Define v: I x W — Z by v(t,w) =
h(v(t,e(w))). Then v is continuous and

v(0,w) = h(v(0,e(w))) = hfe(w)
v(1,w) = h(v(1,e(w))) = hge(w),

which shows that hfe ~ hge. By taking h = 1 we see that fe ~ ge; by taking e = 1 instead we
find that hf ~ hg. O

Corollary 10.6. Suppose we have fo, f1: X — Y and go,91: Y — Z and fo ~ f1 and gy =~ g1.
Then gofo >~ g1f1-

Proof. Using one half of the proposition, we see that fogg >~ fi1go. Using the other half, we see
that f1go ~ fig1. As ~ is an equivalence relation, we see that fogo ~ f191. O

Definition 10.7. A map f: X — Y is a homotopy equivalence if there exists a map g: ¥ — X
(called a homotopy inverse for f) such that gf ~ 1x and fg ~ 1ly. Such a map g is called a
homotopy inverse for f. We say that spaces X and Y are homotopy equivalent if there exists a
homotopy equivalence from X to Y.

Proposition 10.8. The relation of being homotopy equivalent is an equivalence relation.

Proof. The identity function from X to itself is clearly a homotopy equivalence, so the relation is
reflexive. Suppose that X is homotopy equivalent to Y, so we can choose a homotopy equivalence
f: X — Y and a homotopy inverse g: ¥ — X, s0 fg: Y — Y and gf: X — X are homotopic to
the respective identity maps. This means that g is a homotopy equivalence with homotopy inverse
f, s0Y is homotopy equivalent to X. This proves that our relation is reflexive. Finally, suppose
that X is homotopy equivalent to Y and Y is homotopy equivalent to Z. Let d and e be homotopy
inverses for f and g, so df ~ 1x and fd ~ 1y ~ eg and ge ~ 1. Using Proposition 10.5, we
deduce that

degf =d(eg)f ~dlyf=df ~1x

gfde = g(fd)e ~glye=ge~1z.
This proves that gf: X — Z is a homotopy equivalence, with homotopy inverse de: Z — X. This
in turn shows that our relation is transitive, as required. O

Exercise 10.9. If X is homotopy equivalent to X’ and Y is homotopy equivalent to Y’ then
X x Y is homotopy equivalent to X’ x Y.

Example 10.10. Let V be a vector space, and let X C V be a subspace that is star-shaped round
some point a € X. Then X is homotopy equivalent to the one-point space {0}. To see this, define
f(0) = a and g(x) = 0 for all z € X and h(t,z) = (1 —t)x +ta. Then gf = 14p} (so certainly
gf ~ 1) and h is a homotopy from 1x to fg, so f is a homotopy equivalence as required.

Definition 10.11. We say that a space X is contractible if it is homotopy equivalent to a one-
point space.

Example 10.12. More generally, suppose that Y is a subspace of a vector space. Suppose also
that f,g: X — Y are two maps such that for every point z € X, the linear path from f(z) to g(z)
lies wholly within Y. We can then define a homotopy h: f ~ g by h(t,z) = (1 —t)f(x) + tg(x).
We call this the linear homotopy between f and g, and we say that f and g are linearly homotopic.

Example 10.13. The space R™ \ {0} is homotopy equivalent to S"~!. Indeed, by example 3.17
we know that R™ \ {0} is homeomorphic to S"~! x (0,0), and (0, c0) is homotopy equivalent to
a point so R™ \ {0} ~ S"~! x point = S~ L.
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Example 10.14. The solid torus, the Mobius band, and C \ {0} are all homotopy equivalent to
S1. To explain this in more detail, let D be the vertical disc in the xz plane of radius 1 centred at
(2,0,0). The “solid torus” is the space obtained by revolving D around the z-axis; this is easily
seen to be homeomorphic to S x D?. As in the previous example, we see that this is homotopy
equivalent to S*.

Next, for 6 € [0, 27], let Py be the vertical plane through the z-axis in R3 that has angle 6 with
the zz-plane. Let Dy be the intersection of Py with the solid torus, which is a vertical disc of
radius 1 centred at (2 cos(6),2sin(6),0). Let Iy be the diameter of Dy that makes an angle of §/4
to the vertical, and let M be the union of all the sets Dy. This is a version of the Mobius band.
It is homeomorphic to the space

M’ ={(z,w) € S* x B® : w?/z is real and nonnegative }.
Define f: S* — M’ and g: M’ — S' and h: I x M’ — M’ by
f(z) = (2,0)
9(z,w) =z
h(tv (va)) = (z,tw).

Then gf = 1 and h is a homotopy from fg to 1, so g is a homotopy inverse for f, so M’ is
homotopy equivalent to S! as claimed.

Finally, it is a special case of Example 10.13 that C \ {0} is homotopy equivalent to S?.

Example 10.15. Put P = (—1,0) and @ = (4+1,0). Let E be the union of the two circles in
R? of radius one centred at P and Q (so F is a “figure eight”). Then R?\ {P,Q} is homotopy
equivalent to E. To see this, we define a function g: R?\ {P,Q} — FE as in the following diagram.

a d
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In other words, if u is a point in the left hand disc then we draw a line from P to u and then
extend it outwards until it meets E, and we define g(u) to be the point of intersection. (We would
have problems drawing such a line if u were equal to P, but the point P has been excluded from
our space R? \ {P,Q}, so this does not matter.) Note that if u lies on the left hand circle then
g(u) = u. If u lies in the right hand disc, we define g(u) by a similar procedure, but with a line
drawn from Q. If u lies outside both discs, then we draw a line from u to 0, and let g(u) be the
point where it first crosses E. In particular, if u lies on the y-axis then g(u) = 0.

This gives a map g: R? \ {P,Q} — E, which can be shown to be continuous. We let f: E —
R?\ {P, Q} be the inclusion. As g(u) = u for all u € E, we have gf = 1. As the line segment from
u to g(u) never meets P or (), we have a linear homotopy between fg and 1. Thus R?\ {P, Q} is
homotopy equivalent to F.

The map ¢ can also be described by the following formulae. Given (z,y) € R? \ {P,Q} and
x # 0, we have

r=(a® +y%)/|a]

1 ifz>0
s=e/l=0 0 e <o

t=+/(z—5)%+y>?
x—38,9)/t+ (5,0 ifr <1
9(z,y) = ( Vit (50) ]
(z,y)/r ifr>1
In the case x = 0 we just have ¢g(0,y) = (0,0).

Example 10.16. Let T be the torus, and let a be a point of T. Then T \ {a} is also homotopy
equivalent to the figure eight space E. To see this, recall that T = S' x S!, and regard S* as a
subset of C in the usual way. If a = (b, ¢) then the map (z,w) — (z/a,w/b) gives a homeomorphism
T\ {a} — T\ {(1,1)}, so we may as well assume that b = ¢ = 1. Define

B =(S'x{-1hHu({-1} xSH cT\{(1,1)}.

Note that the two circles in E' meet only at the single point (—1, —1), which suggests that E’
should be homeomorphic to E. Indeed, we can define a map e: E/ — FE by e(z,—1) = 1+ 2
and e(—1,w) = —1 — w (or equivalently by e(z,w) = z — w). It can be checked that this is a
homeomorphism, as required.

Any point in 7'\ {(0,0)} can be expressed as (e?, ') with —7 < 6,¢ < 7 and (6, ¢) # (0,0).
This expression is almost unique, except for the ambiguity that arises because ™ = =" = —1.
Define

where
0 = 6/ max(|6], |#|)
5 = ¢/ max(|0],|d]).

One checks that this is well-defined and lies in E’, so we have a function f: T\ {(0,0)} — E’.
It takes some work to prove that this is continuous, and we shall not do so here. We then let
g: B/ — T\ {(0,0)} be the inclusion and define a map h: I x T\ {(1,1)} — T\ {(1,1)} by

h(t, (e, 1)) = (i ((1=00+10) (i((1=1)é+1d)y
We then have fg =1 and h: 1 ~ gf so f is a homotopy equivalence as required.

Example 10.17. R3\ S! is homotopy equivalent to S? U L, where L is the line segment in R?
joining (0,0, 1) (the “North pole”) to (0,0, —1) (the “South pole”).

Proposition 10.18. If f ~g: X — Y then f. = g.: m(X) — mo(Y).
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Proof. Choose a homotopy h from f to g. For any point x € X, define a map u: I — Y by
u(t) = h(t,z). Then u(0) = h(0,2) = f(z) and u(1) = h(1,z) = g(z), so f(z) ~ g(x) in Y. This
means that f.[z] = [f(z)] = [9(z)] = g«[z]. As x was arbitrary, we see that f. = g. as claimed. O

Corollary 10.19. If f: X — Y is a homotopy equivalence then f,: mo(X) — mo(Y') is a bijection.
Proof. Let g: Y — X be a homotopy inverse to f. Then gf ~ 1x 80 g« fx = (9f)x = (1x)« = Ly x,

and similarly we have f.g. = (fg)« = (1y )« = 1,v. This shows that g. is an inverse for f,, so f
is a bijection. O

11. HOMOTOPY OF PATHS

Let X be a space, and fix points xg, 1 € X. Suppose we have two paths u and v from x( to x1,
so u,v: I — X and u(0) = v(0) = o and u(1) = v(1) = x;. We say that u and v are homotopic
relative to endpoints (and write u ~ v) if there is a continuous map h: I x I — X such that

(a) h(0,1) = u(t)
(b) A(1,1) = v(t)
(c) h(s,0) = xo
(d) h(s,1) = .
This means that for every s, the map ¢t — h(s,t) is a path from zy to ;. We thus have a
continuous family of such paths, starting with v and ending with v.

Just as in Proposition 10.4 we see that this notion gives an equivalence relation on the set of
all paths from z¢ to x;. We define 7 (X; 2o, 21) for the set of equivalence classes. Thus, every
element a € m1(X; g, x1) has the form a = [u] for some path « from zg to z1, and [u] = [v] if and
only if u ~c v.

Remark 11.1. The ordinary notion of homotopy (not relative to endpoints) is not very interesting
in this context. It is not hard to see that if X is a path-connected space, then any two maps
u,v: I — X are homotopic to each other.

We next want to check that the notion of homotopy relative to endpoints is compatible with
the operations of joining and reversing paths.

Lemma 11.2. Let u,u’ be paths from xg to x1 such that u ~.. u', and let v,v’ be paths from x
to x5 such that v~ v'. Then u*xv ~. v *v' (as paths from xg to x3).

Proof Let h: u ~ v and k: v ~., v be homotopies relative to endpoints, so

U

Recall that

2t) ifo<t<1/2
v(2t—1) if1/2<t<1.
t) if0<t<1/2
(2t —1) if1/2<t<1.

Define

(o) = {720 if0<t<1/2
mis, = .
k(s,2t —1) if1/2<t<1
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Note that when ¢ = 1/2 we have
h(s,2t) = h(s,1) = x1 = k(s,0) = k(s,2t — 1)

(by (f) and (g)) so the two clauses in the definition of m are consistent. As h and k are continuous,
we deduce from Proposition 7.14 that m is continuous. Using (a) and (c¢) we see that m(0,t) =
(u*v)(t). Using (b) and (d) we see that m(1,t) = (v’ * v')(t), so m is a homotopy from u * v to
u'xv’. Using (e) and (h) we see that m(s,0) = z¢ and m(s, 1) = z, so it is a based homotopy, as
required. O

Lemma 11.3. Let u, v’ be paths from zg to x1 such that u ~,. v'. Then @~ u' as paths from
x1 to xg.

Proof. Let h: u ~¢ v be a homotopy relative to endpoints, and put k(s,t) = h(s,1 —t). Then k
is the required homotopy relative to endpoints between w and u’. O

Now suppose we have elements a € 71 (X;zo,z1) and b € m1(X; z1,22). We can choose paths u
and v such that a = [u] and b = [v] and then define ab = [u * v] € 71 (X; 20, 22); Lemma 11.2 tells
us that this is well-defined. Similarly, we can define a=! = [u] € 71 (X;x1,20). Finally, we define
er = [cz] € 1 (X;x,x), where as usual ¢, is the constant path with ¢, (¢) = x for all ¢.

Proposition 11.4. Ifa € m(X;xz9,21) and b € m(X;21,22) and ¢ € m(X;x2,23) then (ab)c =
a(be) € m(X; 20, x3).

Proof. We can choose paths u,v,w with a = [u] and b = [v] and ¢ = [w] (so u runs from zg
to 1, v runs from z; to x5 and w runs from z5 to x3). We then have ab = [u * v] and thus
(ab)e = [(u *v) * w], and similarly a(bc) = [u * (v * w)]. Next, we have
2t) if0<t<1/2
(o) wup(r) = 4 o0 O =S
w2t—1) if1/2<t<1
u(4t) if0<t<1/4
=Qot—1) if1/4<t<1/2
w2t—1) if1/2<t<1
whereas
2t if0<t<1/2
(s (o)) (0) = 4 12 nost=ly
(vxw)(2t—1) if1/2<t<1
u(2t) if0<t<1/2
=Qu(dt—2) if1/2<t<3/4
wdt—3) if3/4<t<l.

Informally, for (u * v) * w we go along u at speed 4 in the first 1/4 second, then along v in the
second 1/4 second, then along w at speed 2 in the last 1/2 second. For u * (v * w) we go along u
at speed 2 in the first 1/2 second, then along v and w in 1/4 second each.

Now define h: I x I — X by

u(4t/(2 — s))
v(4t — 2 +s)
w((4t—34s)/(1+s))

To see that this is well-defined, we must check that the first and second clauses give the same
answer when ¢t = (2 — s)/4, and that the second and third clauses give the same answer when
t = (3 —s)/4. The first check works because u(l) = xz; = v(0), and the second one because
v(1) = 2o = w(0). In view of this, Proposition 7.14 tells us that h is continuous.

It is easy to check that h(0,t) = (ux(vxw))(t) and h(1,t) = ((uxv)*w)(t) and h(s,0) = u(0) = xq
and h(s,1) = w(1) = x3, so h is a homotopy relative to endpoints between u*(vsw) and (u*v)*xw.
This means that [u* (v * w)] = [(u* v) * w], or in other words a(bc) = (ab)c. O

ifo<t<(2—s)/4
if(2—s)/4<t<(3—s)/4
if(3—s)/a<t<l

h(s,t) =
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Proposition 11.5. For any a € m1(X;x0,21) we have eza = a = aey, € (X, xo,x1).

Proof. Choose a path u such that a = [u]. We then have ez a = [z, * u] and aey,, = [u*cy,]. We
have

(u* ¢y ) () {u(2t) if0<t<1/2

o (2t—1) if1/2<t<1
~Ju(2) ifo<i<1/2
) if1/2<t<1.

We can define a map h: [ x I — X by
1 t if0<t<1/(1
oty (B HOS <11 4s)
x1 if1/(1+s)<t<1.

We find that this is continuous, and
(a) h(0,t) = u(?)

(b) A(1,) = (ux g, )(1)

(c) h(s,0) =u(0) =xg

(d) h(s,1)=x;.
Thus h is a based homotopy between u and u * ¢, , showing that [u] = [u * ¢y, ], or equivalently
a = aey,. A similar argument shows that a = e, a. O

1 1

Proposition 11.6. For any a € m1(X;x0,x1) we have a™'a = ez, € m(X;xz0,20) and aa™" =

ez, € m (X, 21,21).

Proof. Choose a path u such that a = [u]. We then have a~! = [u] and aa~! = [u xu]. Note that

o Ju2t) if0<t<1/2
(wra)(t) = {u(Qt— 1) if1/2<t<1
(2t ifo<t<1/2

S lu@-2t) if1/2<t<1.

We can define a map h: I x I — X by

~Ju(2st) ifo<t<1/2
s, 1) = {u(25(1 —t) if1/2<t<1.

Note that when t = 1/2 we have u(2st) = u(2s(1 —t)) = u(s), so the two clauses are compatible
and h is a continuous map. We have h(0,t) = u(0) = xg = ¢, (t) and h(1,t) = (u*T)(t) so h is
a homotopy between c,, and u * . Moreover, h(s,0) = u(0) = xo and h(s,1) = u(0) = g so h is
a homotopy relative to endpoints. Thus [u * U] = [c,,] and so aa™! = e,, as claimed. A similar
proof shows that a='a = e, . O

12. THE FUNDAMENTAL GROUP

A based space is a space X equipped with a chosen point xg € X, which we will call the basepoint.
A based loop in X is a path from xzq to itself, or equivalently a continuous map u: I — X with
u(0) = u(l) = zg. We write m X for the set 71 (X;z0,20) of equivalence classes of based loops
under the relation of homotopy relative to endpoints.

If u and v are based loops then so are u* v and . Thus, if a,b € 71 X then ab and ¢! are also
elements of m; X. We will write e for ey, which is again an element of m X.

We can specialise Propositions 11.4, 11.5 and 11.6 to the case where x3 = x5 = 11 = ¢ to see
that a(bc) = (ab)c and ae = a = ea and aa~! = e = a~'a, so m X is a group. It is called the
fundamental group of X.

In this section we will just investigate some examples where m; X is the trivial group. Cases
where 71 X is nontrivial will be studied later, but they require more work.
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Proposition 12.1. Let X be a based space, and let Xo be the set of all points in X that can be
connected by a path to xog. Then mX = m Xj.

Proof. Let u: I — X be a based loop. For any t € I we can define a path u;: I — X by
ut(s) = u(st), and this connects g = u¢(0) to u(t) = us(1), so u(t) € Xo. This holds for all ¢,
so u can be regarded as a map I — Xg. Similarly, if we have two based loops u,v: I — Xy and
amap h: I x I — X giving a based homotopy between them, we can define a path hg: [ — X
joining xg to h(s,t) by he(r) = h(s,rt), so h can be regarded as a map I x I — Xj. The claim
is immediate from this. O

Corollary 12.2. If X is a discrete based space, then m X is the trivial group.

Proof. In this case, the space X is just the single point x(, so it is clear that mX = m Xy =
{e}. O
Definition 12.3. A based contraction of a based space X is a map h: I x X — X such that

(a) h(0,z) =x for all x € X

(b) h(l,2) = ¢ for all x € X

(¢) h(s,xg) = for all s € I.
We say that X is based-contractible if there exists such a contraction.

Proposition 12.4. If X is based-contractible, then w1 X is the trivial group.

Proof. Let h be a based contraction of X. For any based loop u in X, the function k(s,t) =
h(s,u(t)) satisfies

(a) k(0,t) = h(0,u(t)) = u(t)
(b) k(lvt) = h(1,u(t)) = 2o = ca, (1)
(c ) k(s,0) = h(s,u(0)) = h(s,z0) = zo
( k(sv 1) ( (1)) = h(37 l‘()) = 2o,
S0 h: u o ¢y, and [u] = e. O

Remark 12.5. Suppose that X is merely contractible in the unbased sense, so there is a point
21 (possibly different from x¢) and a map h: I x X — X such that h(0,z) = 2 and h(l,z) = 2,
for all z (with no condition on h(s,z¢)). It is still true that m X is trivial, but rather harder to
prove. To see this, we divide the square I x I into four parts as follows:

Q1={(s,t) : 0<s<1/2,5/2<t<1-35/2}

Qo ={(s:t) : 1/2<s<1, (1-5)/2<t<(1+8)/2)
Qs={(s,t) : 3/4<t<1,2-2t<s<2t—1}
Q4:{(8,t):0§t§1/472t§8§1—2t}
T~ Q T
L \\ 3 //
~ SN 7
—L ~—
Ql QZ
| //\\
= // \\
// Q \\
- 4 ~
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Then, given a based loop u, we define k: [ x I — X by

h(2s,u((t —s/2)/(1 —s))) if (s,t) €

K(s.1) = h(2 — 2s,xq) if (s,t) € Q2
, h(4 — 4t,{1,‘0) if (S,t) S Qg
h(4 — 4t, xg) if (s,t) € Qa.

One can check that this is well-defined and continuous, and that it gives a homotopy relative to
endpoints between v and ¢, .

Finally, we will prove a result about changing basepoints. Suppose we have a space X and
two different points xzg,z1 € X. If we use zy as the basepoint, then the fundamental group is
m1(X; 2o, x0). If we use x; as the basepoint instead, then the fundamental group is 7 (X;z1, 21).
If g and z; lie in different path components of X, then these two fundamental groups can be
completely different. However, if zg and x; can be joined by a path, then it turns out that the
two groups are isomorphic.

Proposition 12.6. If zy and x1 can be joined by a path, then the group m (X;xo,zo) is isomor-
phic to m(X;z1,21). In particular, if X is a path-connected space, then the group X does not
depend (up to isomorphism) on the choice of basepoint.

Proof. Choose a path u from zy to z1, and put ¢ = [u] € m(X;20,71), so ¢~* € m(X; 21, 20).
Given a € m (X;xo,xo) we note that q_1 runs from x7 to xg, a runs from zg to zg and ¢ runs
from xg to 1, so we can join them together to get an element ¢ 'ag running from z; to x;. We
can thus define a function f: 71 (X;x0,20) — m1(X;21,21) by f(a) = ¢ taq. Note that

f(a)f(b) = ¢ 'aqq'bg = ¢~ aey,bqg = ¢~ abg = f(ab),

so f is a homomorphism. Similarly, we can define a homomorphism ¢: 71 (X; 21, 21) — 71 (X; 2o, Z0)
by g(b) = gbq~". This satisfies f(g(b)) = ¢ 'qbq™"'q = e, be,, = b and g(f(a)) = q¢"'agg™" =
€x,0€z, = a, S0 f and g are inverse to each other and are isomorphisms. O

Definition 12.7. A space X is simply connected if it is path-connected, and the fundamental
group is trivial. (By the proposition, it does not matter which basepoint we use.)

13. 7T1$1

In this section we will calculate 1 S', which is the simplest case in which 7; can be calculated
and is not just the trivial group.

Recall that S = {z € C : |z| = 1}, and take 1 as the basepoint in S*. Define n: R — S!
by n(t) = exp(2wit), and note that n(s +t) = n(s)n(t) and n(k) = 1 for k € Z. In fact, we have
n(t) = 1 if and only if ¢ is an integer.

For n € Z define u,,: I — S by u,(t) = n(nt). This satisfies u,,(0) = 1(0) = 1 and u, (1) =
n(n) =1 so u, is a based loop and thus defines an element a,, = [u,] € m S*.

Theorem 13.1. We have mS* = {a, : n € Z}, and a, # am when n # m. Moreover,
Cn G, = Gptm, 0Nd Gy = af.

The proof will follow after some lemmas and related discussion.

Remark 13.2. Consider the group Z of integers under addition. Because the group law in Z is
written additively and the group law in w1 X is written multiplicatively, a homomorphism from Z
to m X is a function ¢: Z — m X such that ¢(n + m) = ¢(n)¢(m). The theorem can be restated
as follows: the function ¢(n) = a,, is a bijective homomorphism, or equivalently an isomorphism,
from Z to w1 S*t.

Lemma 13.3. anam = Gnim-
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Proof. We must show that u, * u,, is based-homotopic to u, .. Define f: I — R by

f) = 2tn ifo<t<1/2
S n4+@-1m if1/2<t<1.

For t < 1/2 we have n(f(t)) = n(2nt) = u,(2t). For t > 1/2 we have

n(f(t)) =n(n)n((2t — 1)m)
=n((2t —1)m)
= Uy, (2t — 1).

This means that n(f(t)) = (un * uy,)(t) for all t. Note also that f(0) =0 and f(1) =n + m.
Now define h: I x I — R by

h(s,t) = s(n +m)t+ (1 — s)f(¢).

This satisfies

(a) h(0,t) = f(t)

(b) h(1,t) = (n+m)t
(c) h(s,0)=0

(d) h(s,1)=n+m

(a) k(0,t) = (un * um)(t)
(b) k(1,8) = tnim(t)
(c) k(s,0) =1
(d) k(s,1)=1
Thus, k is the required based homotopy between u,, * w,;, and w4 O

Corollary 13.4. a,, = a7 for alln € Z.

Proof. Tt is clear that wug is the constant loop so ag = ¢ = af. When n > 0, it follows easily

by induction from the lemma that a, = af. The lemma also tells us that a_,a, = ap = e, so

a_n = a,' =a;™, which completes the proof. O

Lemma 13.5. For eacht € R, put Uy = (t — L, t + 1) and V; = S\ {-n(t)}. Then there is a
continuous map A2 Vi — Uy such that n(A(2)) = z for all z € Vi, and \(n(t)) =t.

Proof. Note that every element z € S can be written in the form z = exp(if) for some 6, which
can be chosen in the range —m < 6 < w. As z moves across the negative x-axis through the point
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z = —1, the angle 6 jumps between —7 and 4, but otherwise 6 varies continuously with z.

B=1v2

Thus, we can define a continuous map A: S\ {—=1} — (—1/2,+1/2) by A(exp(if)) = 0/(2m).
This means that z = n(\(z)) for all z € ST\ {-1}.

Now, if z € V; then z/n(t) # —1 so A(z/n(t)) is defined and lies in (—1,1). We can thus define
a continuous map A;: V; — Uy by A\i(2) = ¢+ A(z/n(t)). This satisfies

n(Ai(2)) = n(O)n(A(z/n(t)) = n(t)z/n(t) = z,
as required. We also have \(n(t)) =t + A(1) =¢. O

Lemma 13.6. Let w: I — S' be a based loop. Then there is a unique continuous map w: I — R
such that w(0) =0 and w(t) = n(w(t)) for all t. Moreover, w(1) is an integer.

Proof. As I is compact, Theorem 5.3 tells us that w is uniformly continuous. Taking € = 2 in the
definition of uniform continuity, we see that there is a number ¢ > 0 such that |w(t) — w(t')]| < 2
whenever |t —t'| < 6. Now choose a natural number N > 1/6 and put I; = [j/N,(j + 1)/N]
for j =0,...,N — 1. Note that if t € I; then |t — j/N| < 1/N < ¢ so |w(t) —w(j/N)| < 2, so
w(t) # —w(j/N).

Put 79 = 0, so w(0) = 1 = n(rg). For ¢t € Iy we deduce that w(t) # —w(0) = —n(rg), so
w(t) € V,, and Ay, (w(t)) is defined. We can thus define wo: Iy — R by wo(t) = A, (w(t)), and
note that n(wg(t)) = w(t) for t € Iy.

Now put r; = wo(1/N), so w(l/N) = n(ry). For t € I; we deduce that w(t) # —w(l/N) =
—n(r1), so w(t) € V,, and A (w(t)) is defined. We can thus define wi: I; — R by wy(t) =
Ary (w(t)), and note that n(w;(t)) = w(t) for t € Iy. Note also that wi(1/N) = A\, (w(1/N)) =
Ar (n(r1)) =71

We now put 7, = w1(2/N) and continue in the same way. This gives numbers o, ... ,rn and
maps w;: I; — R (defined by w;(t) = A, (w(t))) such that w;(j/N) = r; and w;((j +1)/N) =
7j+1. In particular, the value of w; at the end of the interval I is r;41, which is the same as the
value of ;41 at the start of I;11. Thus, the functions w; can be combined to give a continuous
map w: I — R, with w(t) = w;(¢t) for all t € I;. As n(w;(t)) = w(t) for all ¢ € I, we see that
n(w(t)) = w(t) for all t € I, as required. Clearly we also have w(0) = wg(0) = Ag(w(0)) = Ag(1) =
0.

We next need to check that w is unique. Suppose that v: I — R is another continuous map with

v(0) = 0 and n(v(t)) = w(t) for all t € I. Put f(t) = w(t) — v(t), so n(f(¥)) = n(w(t))/n(v(t)) =
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(t)/w(t) = 1. We know that 7(r) is only equal to 1 when r is an integer, so f(t) is an integer for
all t. Any continuous function from I to Z must be constant (by the Intermediate Value Theorem),
so f is constant. We also know that f(0) = w(0) —v(0) =0—0 =0, and f is constant, so f(t) =
for all ¢. This means that w(t) = v(t), as required.

Finally, we observe that n(w(1)) = w(1) = 1, so w(1) must be an integer. O

Definition 13.7. Given a based loop w in S!, we define v(w) = (1), where w is as above. This
is an integer, and is called the winding number of w.

Remark 13.8. If u,(t) = n(nt) as before, we see that ,(t) = nt, and thus that v(u,) = n.
Corollary 13.9. Any element b € 7S has b = a,, for some integer n.

Proof. We can choose a based loop w such that b = [w], and then find n and @ as in the lemma.
Now define h: I x I — Rand k: I x I — S by h(s,t) = (1 —s)w(t) +nst and k(s,t) = n(h(s,t)).
We then have

(a) h(0,) = w(t)
t

(b) h(1,t) =n
(¢) h(s,0) =0 (because w(0) = 0)
(d) h(s,1) = (1 —s)n+ ns =n (because w(1l) = n)
(a) K(0,1) = w(t)
(b) k(1,1) = un(t)
(c) k(s,0)=1
(d) k(s,1)=1
so k is a based homotopy between w and u,, so b = a,,. O

Lemma 13.10. Let v and w be based loops in S' such that d(v(t),w(t)) < 2 for all t. Then
v(v) = v(w).

Proof. As d(v(t),w(t)) < 2 we have w(t) # —v(t) and so v(t)/w(t) # —1. This means that the
function g(t ) = Ao(t )/w( )) is defined and continuous for all ¢, and satisfies n(g(t)) = v(t)/w(t).
Note that v(0) = w(0) = v(1) = w(1) =1, so g(0) = g(1) = 0.

Now find @ as in Lemma 13.6, so v(w) = @w(1). Put 9(¢t) = w(t) + ¢g(t). Then 9(0) =
@(0) + g(0) =0+ 0 =0, and

n(0(t)) = n(w(t))n(g(t)) = wt)v(t)/w(t) = v(t).

This means that o is the function corresponding to v as in Lemma 13.6, so v(v) = o(1)
w(1) + ¢g(1) = w(1) = v(w), as claimed.

o

Corollary 13.11. Let v and w be based loops in S*, and suppose that v ~,. w. Then v(v) = v(w).

Proof. Choose a map h: I x I — S giving a homotopy relative to endpoints between v and
w. As I x I is compact, h must be uniformly continuous, so we can find § > 0 such that
d(h(s,t),h(s',t')) < 2 whenever d((s,t),(s',t')) < 4. Choose an integer N such that N > 1/, and
define maps v, ... ,vn: I — St by v;(t) = h(i/N,t). As h is a homotpy relative to endpoints,
we see that each v; is a based loop. As h is a homotopy from v to w, we see that vg = v and
vy = w. As d((i/N,t),((i +1)/N,t)) = 1/N < ¢, we see that d(h(i/N,t),h((i + 1)/N,t)) < 2
or in other words d(v;(t),v;+1(t)) < 2 for all ¢. Thus, the lemma tells us that v(v;) = v(v;41) for
i=0,...,N — 1, which implies that v(vg) = v(vn), or in other words v(v) = v(w). O

Corollary 13.12. If n # m then u, %, um (because v(uy,) # v(um)), 0 an # Gm,. O

This completes the proof of the theorem.
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14. THE FUNDAMENTAL THEOREM OF ALGEBRA

Theorem 14.1. Let p(z) be a monic complex polynomial of degree n > 0, so p(z) = 2" +
an_ 12"+ ...+ a1z + ag for some ag,... ,a,_1 € C. Then p has a complex root. (In other
words, there exists z € C such that p(z) =0.)

There are many different proofs of this important theorem. Here we give one that uses algebraic
topology.

Proof. We will suppose that p(z) # 0 for all z and derive a contradiction.

First define ¢(z) = p(2)/|p(2)|, which gives a continuous map ¢: C — S*, because p(z) # 0 for
all z € C. Then define 7(z) = q(2)/q(]z|), which is again a continuous map r: C — S'. Note that
if R is a nonnegative real number then R = |R| and so 7(R) = 1. Now define vg: I — S? by
vr(t) = r(Re*); this is easily seen to be a based loop in S!. Clearly vy is just the constant loop
c1. Moreover, using the map h(s,t) = r(Rse?™) we see that vy is homotopic relative to endpoints
to v, so [vg] = [vg] = e in m ST

On the other hand, when |z| is large, the term 2™ in p(z) dominates. Thus, when R is large,
p(Re?™) is approximately R"e*"™ so q(Re®™™) is approximately e2"™ = wu,(t), so vg(t) is
approximately u, (¢). In particular, when R is sufficiently large we should have [vg(t) —un(t)| < 2
for all ¢, so vg ~ U, by Lemma 13.10. It follows that ay = e = [vg] = [un] = a,, which
contradicts Corollary 13.12.

To make this rigorous, we would need to give more precise estimates. Put A =1+ |ag| + ...+
|an—1| (so in particular A > 1). The basic fact is that when |w| = R > A we have

Ip(w) — w"| = |ag + arw + ... + ap_1w"
S |CLO| + |a1|R + ...+ |an_1|R"71

< (Jaol + .. + lay_1 ) R""

< AR™1,
so [p(w)/w™ —1| = |p(w) —w™|/R™ < A/R < 1. Using this one can check that for R > A we have
[vr(t) — un(t)] < 2 as required; we omit the details. O

15. FUNCTORALITY
To proceed any further, we need a way to compare the fundamental groups of different spaces.

Definition 15.1. Let X and Y be metric spaces, with chosen basepoints x¢ and yo. A based map
from X to Y is a continuous map f: X — Y with f(xg) =yo. If f,g: X — Y are based maps, a
based homotopy between them is a map h: I x X — Y such that h(s,xzp) = yo for all s € I and
h(0,z) = f(z) and h(1,2) = g(x) for all z € X. We say that f and g are based-homotopic if there
is a based homotopy between them.

We also say that X and Y are based-homotopy equivalent if there are based maps f: X — Y
and ¢g: Y — X such that fg is based-homotopic to 1y and gf is based-homotopic to 1x.

The results of Section 10 can easily be adapted to the based situation, so the relation of being
based-homotopic is an equivalence relation, and so on.

Let f: X — Y be a based map. If u: I — X is a based loop in X, then fou: I — Y is a
based loop in Y. If h: I x I — X is a based homotopy between two based loops v and v’, then
we see that the map foh: I x I — Y is a based homotopy between f owu and fou'. It follows
that there is a well-defined function f,: mX — mY given by fi[u] = [f o u].

Proposition 15.2. The function f.: m X — mY is a group homomorphism.

Proof. Suppose we have two elements a = [u] and b = [v] of m X, so ab = [u*v]. Then f,(ab) =

Fluxo] = [f o (uxv)], and £.(a)f.(b) = [f o ul[f o v] = [(f 0 ) * (f o v)]. Now,

2 ifO<t<1/2
(uxv)(t) = {U(Qt —1) if1/2<t<1,
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so
(fo(uxwv))( (u*v
f if0<t<1/2
) f 2t—1 if1/2<t<1,
) (fou)(2t) ifo<t<1/2
S (fou)2t—1) if1/2<t<1,
= ((fou)x(f o)),
so fi«(ab) = fi(a)f«(b) as required. O

Proposition 15.3. The maps f. have the following properties.
(a) If f: X — X is the identity map, then f.: mo(X) — mo(X) is the identity map.
(b) If f: X =Y and g: Y — Z are based maps then (gf)« = gufu: m0(X) — m0(2).
In other words, m X is a functor for based maps.

Proof. This is easy. O

Proposition 15.4. If f,g: X — Y are based maps that are based-homotopic to each other, then
fe =g mX — mY.

Proof. Let h: I x X — Y be a based homotopy between f and g. Then for any based loop
u: I — X, we see that the map k(s,t) = h(s,u(t)) gives a based homotopy between f ou and
gou, so filu] = g.«[u] as claimed. O

Corollary 15.5. If f: X — Y is a based homotopy equivalence, then f,: mX — mY is an
isomorphism of groups.

Proof. As f is a based homotopy equivalence, there is a based map ¢g: Y — X such that fg is based
homotopic to 1y and g f is based homotopic to 1x. By the above results, the maps f,: 1 X — mY
and g,: mY — m X are group homomorphisms such that f.g. = (f¢)« = (1y)« = lr,v and
9ufx = (9f)« = (1x)x = 11, x. Thus, g. is an inverse for f, and so f, is an isomorphism. O

Example 15.6. Consider X = S! and Y = C \ {0}, and take 1 as the basepoint in both X and
Y. Define f: X — Y and g: Y — X by f(z) = z and g(z) = z/|]z|]. Clearly f(1) = 1 and
g(1) = 1 so these are based maps. We have go f = 1x, and the map h: I x Y — Y given by
h(t,z) = (1 —t)z + tz/|z| is a based homotopy between f o g and 1y. Thus S! and C\ {0} are
based homotopy equivalent, and 71 (C \ {0}) ~ m St ~ Z.

Example 15.7. The letters A,D,0,P,Q and R are all homotopy equivalent to S', and with ap-
propriate choice of basepoints, one can ensure that they are based-homotopy equivalent to S*.
Thus, in each case, the fundamental group is Z.

16. ProDUCTS

Theorem 16.1. Let X and Y be spaces with basepoints xo and yo, and give the product space
X XY the basepoint (xo,yo). Then (X xY) =m(X) x m(Y).

Proof. The basic idea of the proof is very simple: everything just works independently in the two
different “coordinates” of X x Y. Here are the details.
Define X &~ X xY LY by p(z,y) = z and ¢(z,y) = y. This gives homomorphisms

’/Tl(X) Ji ’iTl(X X Y) i) 7T1(Y),

which we can combine to define a homomorphism ¢: (X x V) — m1(X) x m(Y) by ¢(a) =
(p«(a),g«(a)). We claim that this is an isomorphism.

Suppose we have an element (b, c) € m1(X) x 71(Y). Then b € m1(X) so b = [v] for some based
loop v: I — X. Similarly ¢ = [w] for some based loop w: I — Y. We can define a continuous map
u: I — X xY by u(t) = (v(t),w(t)). This satisfies u(0) = (v(0),w(0)) = (0, yo) and similarly



ALGEBRAIC TOPOLOGY 41

u(1) = (20, o), so u is a based loop in X x Y. Clearly pou =wv and gou = w so p.[u] = [v] =b
and g.[u] = [w] = ¢ so ¢([u]) = (b, c). This shows that ¢ is surjective.

Now suppose we have two based loops u,u': I — X x Y such that ¢([u]) = ¢([u']). We have
u(t) = (v(t),w(t)) for some v(t) € X and w(t) € Y, and it is easy to see that the maps v = powu and
w = g ou are based loops in X and Y respectively. Similarly u'(¢) = (v/(¢),w’(t)) for some based
loops v/ = pow and w' = ¢gou in X and Y. We have ¢([u]) = ([v], [w]) and ¢([v]) = ([v'], [w']).
These are equal by assumption, so [v] = [¢v'] in m X and [w] = [w'] in Y. Thus, there are
based homotopies h: v ~ v' in X, and k: w ~ w’' in Y. We can define m: I x I — X xY by
m(s,t) = (h(s,t),k(s,t)) and we find that this is a based homotopy between w and u'. Thus
[u] = [u/]. We conclude that ¢ is injective, and thus an isomorphism as claimed. O

Corollary 16.2. The torus T is homeomorphic to S' x S, so mT is isomorphic to Z x Z. [

17. THE WEAK VAN KAMPEN THEOREM

Suppose we have a based space X, and we can write X as the union of two open subsets U
and V, with o € UNV. We use zg as the base point in U and V as well as X. Suppose
we already understand the fundamental groups of U and V. What can we deduce about the
fundamental group of X itself? Firstly, we have inclusion maps i: U — X and j: V — X, which
gives homomorphisms i,: 1 U — m X and j,.: mV — m X. The following theorem tells us that
in some sense these give everything, provided that U NV is connected.

Theorem 17.1. Suppose that X is a based space, and that U and V are open subsets of X such
that

(a) rzoeUNV

(b) UNV is path-connected

(¢) X=UUV.

Let U 5 X <& V be the inclusions. Then every element a € m X can be written in the form
a = biby...b,, where each element by, is either in the image of iy, or in the image of jx.

Remark 17.2. The actual van Kampen theorem gives a complete determination of 7 X, and
can be proved by an elaboration of the argument given below. However, the answer is somewhat
unwieldy and involves a certain amount of extra group theory, so we omit it.

Remark 17.3. Hypothesis (b) is necessary. To see this, take X = S! and U = S1\ {i} and
V = S'\ {—i}. Both U and V are contractible, so the images of i, and j. are the trivial group.
If the theorem applied we could conclude that every element in 7S is trivial, which we know is
not the case. Of course the theorem does not apply, because the space U NV = S\ {i, —i} is
disconnected.

The Theorem will be proved after some preliminary results.

Lemma 17.4. Let u: I — X be a path from zq to x1, and suppose that 0 < r < 1. Puty = u(r)
and define ug,ur: I — X by ug(t) = u(rt) and ui(t) = u(r+ (1 —r)t), so ug is a path from g to
y, and uy is a path fromy to x1. Then [u] = [uo][u1]

Proof. Put v = ug * uy, so

o(t) = uo(2t) if0<t<1/2
S w2t —1) if1/2<t<1

~Ju(2rt) ifo<t<1/2
S utr+ (1 —r)2t—1)) if1/2<t<1

In other words, if we define f: I — I by f(¢t) = 2rt for t <1/2 and f(t) =r+ (1 —r)(2t — 1) for
t > 1/2, then v(t) = u(f(t)). Moreover, we see that f is continuous and f(0) = 0 and f(1) = 1.
Now define h: I x I — X by h(s,t) = u((1 — s)t + sf(t)). One can easily check that this is a
homotopy relative to endpoints between u and v. OJ
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Corollary 17.5. Let u: I — X be a path from zg to x,, and suppose that 0 =rg <11 < ... <
rn = 1. Put z; = u(r;) and define u;: I — X by u;(t) = u(r; + t(rig1 —14)), S0 u; is a path from
x; to xip1. Then [u] = [ug]uq]. .. [n—1].

Proof. This can be deduced from the lemma by induction, or proved by the same method as the
lemma. d

Lemma 17.6. Let A and B be open subsets of I = [0,1] such that I = AU B. Then there exists
N > 0 such that every subinterval [a,b] C [0,1] withb—a < 1/N has either [a,b] C A or [a,b] C B.

Proof. Suppose not. Put FF =1\ Aand G =1\ B. As A and B are open, the sets F' and G are
closed. As I = AU B, we see that NG = (. By assumption, for any n > 0 we can choose an
interval [a,, b,] with b, —a,, < 1/n that is not contained in A or in B. As [a,,b,] € A we see that
[@n,b,] N F # 0, so we can choose x,, € [an,b,] N F. Similarly, we can choose y, € [an,b,] N G.
Because both x,, and y, lie in the interval [a,,,b,] which has length at most 1/n, we see that
|z, — yn| < 1/n. As I is compact, we can choose a subsequence (x,, ) of (z,) that converges to
some point z € I say. As z,, € F and F is closed, we see that z € F. As |y,, — Zn,| < 1/ng,
we see that (y,,) also converges to z. As y,, € G and G is closed, it follows that z € G. Thus
z € FNG, contradicting the fact that F NG = (). O

Corollary 17.7. Let X be a space, and let U and V be open subsets of X such that X =U UV.
Let u: I — X be a path. Then there exists N > 0 such that for each i € {0,1,... ,N — 1} either
u([i/N, (i +1)/N]) CU oru([i/N, (i +1)/N]) C V.

Proof. Pt A={tel : u(t)eU}and B={t eI : u(t) € V}. Then A and B are open subsets
of I and I = AU B. Thus, by the lemma, there exists N such that every subinterval of length at
most 1/N is either contained in A or contained in B. In particular, the interval [i/N, (i + 1)/N]
is either contained in A (in which case u([i/N, (i + 1)/N]) C U) or contained in B (in which case
u([i/N,(i+1)/N]) C V). O

Proof of Theorem 17.1. Any element a € w1 X can be represented by a based loop u: I — X. We
can then choose N as in Corollary 17.7 and put I; = [i/N, (i + 1)/N], so for each ¢ we have either
u(l;) C U or u(l;) € V. We will suppose that u(Iy) C U; essentially the same argument works if
u(ly) CV. Putig =ty =0and yo = x0 € UNV, so yo = u(tp). Then let i1 be the first index
such that u(l;;) € U, and put t; = i1/N and y; = u(ty). We then have u([to,t1]) C U, so in
particular y; € U. As u(l;;) € U, we must have u(I;,;) C V instead, so in particular y; € V as
well, so y1 € UNV. Let iy be the first index after ¢; such that w(l;,) € V, and put to = iy/N
and ya = u(tz). Then u([t1,t2]) €V and y» € UNV. Continuing in this way, we get a sequence
0=ty <...<t, =1such that the points y; = u(t;) lie in U NV and each set u([y;, yi+1]) lies
either in U or in V.

Now put u;(t) = u(t; + ¢(t;+1 — t;)), which is a path from y; to y; 41 lying either in U or in V.
Corollary 17.5 tells us that [u] = [ug] ... [un—1]. Next, for i =1,... ,n — 1 we choose a path v; in
U NV from xg to y;, which is possible because U NV is assumed to be path-connected. We define
uy = up * 01 and uw),_; = Vp_1 * Up—1 and uj, = (vg * ug) * Upq1 for 0 < k < n — 1. We find that
u), is a based loop either in U or in V, so the element by, = [u}] lies either in the image of i, or in
the image of j.. Moreover, we have

bo - - b1 = [uo][va] " fur][ur]va] . [vn—o][un—2][vn1] " on-1]fun—1] = [uo] ... [un—1] = [u] = a,

as required.
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We will often consider the following special case.

Corollary 17.8. Suppose that X is a based space, and that U and V' are open subsets of X such
that

(a) zpeUNV
(b) UNV is path-connected
) X=UUV.
(d) mU and mV are trivial.

Then m X s also trivial.

Proof. Every element of m; X can be written as a product of elements in the image of i,: m U —
mX or j.: mV — mX, but assumption (d) implies that these images are trivial, so m X is
trivial. 0

Theorem 17.9. Forn > 1, the space S™ is simply connected.

Proof. We saw in Proposition 8.9 that S™ is path-connected, so we just need to show that the
fundamental group is trivial. We use the point 29 = (1,0,...,0) as the basepoint. We also
consider the points 7 = (0,...,0,1) and z2 = (0,...,0,—1), and we put U = S™ \ {z1} and
V = 8™\ {z2}. We know that S™ with a point removed is homeomorphic (by stereographic
projection) to R™, so U and V are homeomorphic to R™ and thus are contractible, so 71U and
w1V are trivial. Moreover, UNV = U \ {z3} is homeomorphic to R™ with a point removed, which
is path-connected because n > 1. Thus, Corollary 17.8 applies and tells us that 7.5 is trivial. O

Example 17.10. For another example, consider the figure eight space E as in Example 10.15,
so E is the union of the unit circle centred at (—1,0) with the unit circle centred at (1,0). Put
2o = (0,0) and 21 = (—2,0) and 25 = (2,0), and take zy as the basepoint. Put U = E \ {z;}
and V = E\ {z2}, so U and V are open and E = U UV. It is not hard to see that U NV is
path-connected and that U and V are both homotopy equivalent to S*. It follows that m U and
w1V are isomorphic to Z. More explicitly, define w: I — U by u(t) = (1 — cos(t),sin(¢)), define
v: I — V by v(t) = (cos(t) — 1,sin(t)), and put a = [u] € mU and b = [v] € m V. Then every
element of m U is a’ for a unique integer j, and every element of m;V is b* for a unique integer k.
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Now put ¢ = i,a € mFE and d = j.b € mE. The weak van Kampen theorem tells us that
every element in m F can be written as a product of powers of ¢ and d. For example, some of the
shortest elements are

e;e,etd,d7 P ed,ed Y e e d, et de, de d2 d e, d e d T L

There are some obvious identities relating expressions of this type, such as cdd~'c = ¢2. However,
it turns out that there are no non-obvious identities. More precisely, every element g € m E can
be written in a unique way in the form g = g1¢gs . .. g., where each element g; is either ¢, ¢!, d or
d~!, and c is never adjacent to ¢!, and d is never adjacent to d=!. (The case r = 0 is allowed,
corresponding to the identity element of m1 E.)

Note that the uniqueness clause means that cd # dc, so 1 FE is nonabelian.

The usual terminology is that m E is freely generated by ¢ and d, or that m E is a free group
on two generators.

We saw in Example 10.15 that R? \ (two points) is homotopy equivalent to E, so m(R? \
(two points)) is also a free group on two generators. More generally, it can be shown that 71 (R?\
(n points)) is a free group on n generators.

18. THE FUNDAMENTAL GROUP OF PROJECTIVE SPACE

We next calculate m;RP™. Note that RP° is just a point, so 7 RP? is trivial; and RP! ~ S,
so mRP! ~ Z. From now on, we assume that n > 1. We take the point xg = (1,0,...,0) as our
basepoint in S™, and the point yo = g(xo) as the basepoint in RP".

Definition 18.1. We define u: I — S™ by u(t) = (cos(nt),sin(nt),0,...,0), so u(0) = zy and
u(l) = —xg. We then define v(t) = g(u(t)), so v: I — RP™. Because ¢(xg) = q(—x¢) = yo, We
see that v is a based loop in RP", so we have an element a = [v] € mRP™.

Theorem 18.2. When n > 1 we have m{RP™ = {e,a}, where a # e but a®> = e. Thus, mRP" is
isomorphic to the cyclic group Cs.

Proof. Combine Lemma 18.3, Proposition 18.9 and Corollary 18.12. O

The argument is similar in many respects to our calculation of m;S'. In a more abstract
treatment, we would prove a general theorem about fundamental groups and “covering spaces”,
and deduce our calculations of 71 S and m RP™ as corollaries.

Lemma 18.3. a? = e in m RP™.
Proof. Define
W' (t) = —u(t) = (—cos(nt), —sin(mt)) = (cos(m(t + 1)), sin(n(t + 1))),
so u' is a path from —zg to xg. Because g(—z) = ¢(x) for all x, we have gou' = gowu =v. Thus
vev = (qou)*(gou) =qgo(uxu). On the other hand, u * v’ is a path from z¢ to zg, in

other words a based loop in the space S™. We know that S™ is simply connected (as n > 1) so
uku e Cqy. It follows that vxv = go (u*u') e gocy, = ¢y, SO a’? = [v*v] = e as claimed. [

Definition 18.4. Suppose z € S™. Put U, = {y € S™ : (z,y) > 0} and V, = {A € RP"
da(q(z), A) < V/2}. These are clearly open sets.

Lemma 18.5. The map q: S™ — RP™ restricts to give a homeomorphism q,: U, — V.

Proof. First, Lemma 6.5 tells us that ¢(y) € V,. if and only if (z,y) # 0. In particular, we see that
q(U,) C V,, so q restricts to give a map ¢q,: U, — V.

Suppose that A € V,. As ¢: S® — RP" is surjective, we have A = ¢(y) for some y. As
q(y) € V,, we have (x,y) # 0. If (x,y) > 0 we put z = y, otherwise we put z = —y. Either way
we have (x,z) > 0 (so z € U, ) and ¢(z) = A. Thus, q,: U, — V is surjective. We note for future
reference that Ax = q(z)z = (z, z)z, which is nonzero.

Now suppose that y, z € U, and ¢(y) = ¢(z). Then z = +y, so (z,2z) = +{(x,y). The negative
case is impossible, because (z, z) and (y, z) are both strictly positive by assumption. Thus y = z.
This proves that ¢, : U, — V, is a bijection.
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Now define r,: V, — S™ by r(A) = Ax/||Ax|. This is legitimate because we observed above
that Az # 0 for all A € V,.. If y € U, then ¢, (y)z = (2,y)y so [lgz(y)z| = (z,y) so 72(¢:(y)) = y.
It follows that r, = ¢; 1. Our formula for 7, shows that it is continuous, so g, is a homeomorphism.

U

Proposition 18.6. Let w: I — RP™ be a based loop. Then there is a unique path w: I — S™
such that w(0) = o and gow = w: I — RP™. Moreover, we have w(1) = txg

Proof. As I is compact, the map w is uniformly continuous. We can therefore choose § > 0 such
that da(w(s),w(t)) < v/2 whenever |s —t| < §. Choose an integer N such that N > 1/§ and put
I; =[j/N,(j +1)/N]for j=0,...,N —1. We also put y; = w(j/N) € RP".

Note that for ¢t € Iy we have |t — 0] < 1/N < 6§, so da(q(xo),w(t)) = do(w(0),w(t)) < V2,
so w(t) € V,,. We can thus use our homeomorphism g,,: Uy, — Vi, to get a map wy =
Gpg ow: Iy — Uy, C 8™, with w(0) = ¢! (q(x0)) = ®o. We put 21 = wo(1/N), and note that
q(x1) = w(l/N) = 1.

Next, note that for ¢ € I; we have |t —1/N| < & so da(q(z0),w(t)) = da(w(1/N),w(t)) < v/2 so
w(t) € Vg, . We can thus use our homeomorphism gy, : Uy, — Vi, to get a map w; = q;llow: I —
Uz, € 8™, with w1(1/N) = ¢z (w(1/N)) = ¢;'(¢(x1)) = 1. We put zz = w1(2/N), and note
that g(z2) = w(2/N) = ye.

Continuing in this way, we get points xo, ... ,z, with ¢(x;) = y; and maps w;: I; — S™ with
Wi ((1+1)/N) = 2541 = Wi1((i+1)/N). We can thus combine all the maps w; to get a continuous
map w: [ — S™ with gow =w: I — RP™.

Now let z: I — S™ be another map such that 2(0) = zp and ¢(z(t)) = w(t) for all t. As
q(z(t)) = w(t) = q(w(t)), we must have w(t) = xz(t), so w(t) = g(t)z(t) for some function
g: I — {1,—1}. Note that g(0) = 1 because z(0) = w(0) = xo. Note also that (z(¢),w(t)) =
g@®)||z(t|* = g(t). As the functions z and @ are continuous, the function g(t) = (z(¢),w(t)) is
also continuous. The only continuous functions from I to {1, —1} are constants, and g(0) = 1, so
g(t) =1 for all t. Thus w(t) = g(t)z(t) = z(t) for all t. This proves that w is unique.

Finally, note that ¢(w(1)) = w(1) = yo = g(xo), so w(1) = +xg. O

Definition 18.7. Let w: I — RP™ be a based loop. Let w be as above, and put

[+ i w(1) =g
e(w) = {—1 if @(1) = —0

(so w(1) = e(w)xg in all cases.) Equivalently, we have e(w) = (g, w(1)).

Remark 18.8. If w is the constant path c,,, then @ is the constant path c,, and e(w) = 1. For
the standard loop v in Definition 18.1, we have ¥ = u and thus e(v) = —1.

Proposition 18.9. FEvery element of 1 RP™ is equal to e or to a.

Proof. If b € mRP"™ then we can choose a based loop w: I — RP™ with b = [w], and then
we can use the proposition to find a path @w: I — S™ with w = go @ and w(1) = +xp. If
w(1) = zo then w is a based loop in S™. As S™ is simply connected, we deduce that W >~ ¢4, SO

W= qOoW e (O Cyy = Cyy, S0 b= [w] =[] =e.

Suppose instead that w(1) = —xg. Then @ x @ is a path from zy to zg, or in other words a
based loop in S™. Again we deduce that W * U ~, ¢, and thus [g o @][q o W] = e or equivalently
ba~ ! =e, s0b=a. O

Proposition 18.10. If z and w are based loops in RP™ with d(z(t),w(t)) < v/2 for all t, then
€(z) = e(w).

Proof. Let zZ,w: I — RP™ be as in Proposition 18.6. Put g(t) = (2(¢), w(¢t)). Lemma 6.5 tells us
that

2(1 — g(t)?) = d(q(2(1), g(@(t))) = d(=(1), w(t)) < V2,
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so we cannot have g(t) = 0 for any ¢t. On the other hand, g is clearly continuous and g(0) > 0, so
the Intermediate Value Theorem tells us that g(1) > 0 also. We have

9(1) = (2(1), w(1)) = (e(2)z0, (w)xo) = €(2)e(w).
On the other hand, both €(z) and e(w) are £1, so

e(2)e(w) = o = dw)
(z)e(w) {_1 if €(2) # e(w).

As e(z)e(w) = g(1) > 0, we must have ¢(z) = e(w) as claimed. O
Corollary 18.11. If z and w are based loops in RP™ with z ~,. w, then €(z) = e(w).

Proof. Choose a map h: I x I — RP™ giving a homotopy relative to endpoints between z and
w. As I x I is compact, h must be uniformly continuous, so we can find § > 0 such that
d(h(s,t),h(s',t')) < v/2 whenever d((s,t),(s’,t')) < §. Choose an integer N such that N > 1/,
and define maps zg,...,2n: I — RP™ by z;(t) = h(i/N,t). As h is a homotpy relative to
endpoints, we see that each z; is a based loop. As h is a homotopy from z to w, we see that zp = 2
and zy = w. Asd((i/N,t),((i+1)/N,t)) = 1/N < &, we see that d(h(i/N,t), h((i+1)/N,t)) < V2,
or in other words d(z;(t), z;+1(t)) < /2 for all t. Thus, the proposition tells us that e(z;) = e(z;11)
for i =0,...,N — 1, which implies that €(zy) = e(zn), or in other words €(z) = e(w). O

Corollary 18.12. The standard path v is not homotopic relative to endpoints to cy,, because
€(v) = =1 and €(cy,) = 1. Thus a # e in mRP™.

Recall that SO(3) is the set of all 3 x 3 rotation matrices, or equivalently all matrices A such
that det(A) = 1 and AA” is the identity. We take the identity matrix as the basepoint in SO(3).
Define u: I — SO(3) by

cos(2nt) —sin(2wt) 0O
u(t) = | sin(27t)  cos(2wt) 0O
0 0 1

This is a based loop in SO(3), giving an element a € m1.50(3).
Theorem 19.1. We have m1.SO(3) = {e,a}, with a # e but a* = e.

This theorem is in fact a disguised version of Theorem 18.2, as we see from the following
remarkable result:

Theorem 19.2. SO(3) is homeomorphic to RP3.

Here will will just give an outline of the proof of the theorem. We define a map g: S* — M;3(R)
by

w? + 2% —y? — 22 2(zy — wz) 2(wy + x2)
glw,x,y,2) = 2(zy + w2) w? —x? +9y? - 22 2(yz — wz)
2(xz — wy) 2(wz + yz) w? — 2?2 —y? + 22

It is tedious but essentially straightforward to check that det(g(w, z,y, z)) = 1 and g(w, z,y, 2)g(w, z,y, 2)T =
I, so g(w,z,y, z) is a rotation and g gives a map S — SO(3). (Of course one has to use the
identity w?+z2 4%+ 22 = 1, which holds for (w, z,y, 2) € S3.) Next, one checks that the product
of the matrix g(w,z,y, z) with the vector (z,y, z) is (z,y, z) again, so (x,y, z) lies on the axis of
rotation. By considering characteristic polynomials one can check that the angle of rotation is
+2cos~!(w). Using a slight extension of this line of argument, one can check that g is surjective,
and that g(a) = g(b) iff b = +a (which is parallel to the properties of the map ¢: S® — RP3). It
follows from this that there is a bijection f: RP3 — SO(3) such that g = f o, and one can check
that f is in fact a homeomorphism.

Of course, the formulae above did not come out of thin air. The “real reason” that the theorem
is true comes from the algebra of quaternions, but that is too long a story to explain here.



ALGEBRAIC TOPOLOGY 47

20. CLASSIFICATION RESULTS

‘We now use our knowledge of 1 to show that certain pairs of spaces are not homotopy equivalent
or homeomorphic to each other, extending the results of Section 9.

Lemma 20.1. If the group Z" is isomorphic to Z™, then n = m.

Proof. For any abelian groups A and B (written additively), if A ~ B then A/2A ~ B/2B, and
so |A/2A| = |B/2B|. If A =Z" it is not hard to see that A/2A = (Z/2Z)™ and so |A/2A| = 2™.
Thus, if Z™ ~ Z™ then 2™ = 2™ and so n = m. OJ

Proposition 20.2. The space (S')" = S! x ... x S is not homotopy equivalent to (S*)™ unless
n=m.

Proof. Note that .S ~ Z and 71 (X x Y) ~ m X x mY. It follows that 7 ((S')") ~ Z".
Now suppose that (S1)™ is homotopy equivalent to (S')™. Then 1 ((S')") ~ m(S*)™), so
7" ~ 7™, s0n=m. g

Proposition 20.3. No two of the spaces S*, S?, E and RP? are homotopy equivalent to each
other. (Here E is the figure eight, as in Example 10.15).

Proof. 1t is enough to show that no two of the groups 715!, 7,52, m1 E and m;RP? are isomorphic.
Note that 71,52 is trivial, but the other groups are not; that 7, RP? is finite and nontrivial, but
the other three groups are not; that m1S' is infinite and abelian, but the others are not; and
that w1 F is nonabelian, whereas the other three groups are all abelian. This easily implies the
proposition. UJ

Proposition 20.4. R? is not homeomorphic to R3.

(Note however that R? and R?® are both homotopy equivalent to a point, and so are homotopy
equivalent to each other.)

Proof. If R? were homeomorphic to R3, then R?\ {0} would be homeomorphic (and thus homotopy
equivalent) to R3 \ {a} for some a € R3. We know that R? \ {0} is homotopy equivalent to S*,
and R3\ {a} is homotopy equivalent to S?, and S* is not homotopy equivalent to S?, so R?\ {0}
is not homotopy equivalent to R3\ {a}. Thus R? cannot be homeomorphic to R3 after all. O

Corollary 20.5. S? is not homeomorphic to S>.

Proof. Let f: S? — 83 be a homeomorphism. Choose a € S% and put b = f(a) € S3. Then f
gives a homeomorphism S2 \ {a} ~ S$3\ {b}, but S2\ {a} is homeomorphic to R? and S3 \ {b} is
homeomorphic to R?, so R? is homeomorphic to R?, contradicting the proposition. O

21. HIGHER HOMOTOPY AND HOMOLOGY

The results of the previous section are restricted to spaces of fairly low dimension, essentially
because 71.S™ is trivial (and thus independent of n) for n > 1. To get similar results for higher-
dimensional spaces, we need to define higher homotopy groups 7, X for n > 1. Here we will just
give the basic definitions and mention some important properties without proof.

Recall that

I"=100,1"={teR™ : 0<t; <1 for all i}.
We write

oI"={teI" : t; € {0,1} for some i},
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and call this the boundary of I"™.

2 2
I ol
Definition 21.1. Let X be a based space, and n a natural number. An n-loop in X is a map

u: I — X such that u(t) = xo for all t € 9I"™. We say that two n-loops u and v are homotopic
relative to the boundary if there is a map h: I x I"™ — X such that

(a) h(0,t) =wu(t) for all t € I™.

(b) h(1,t) =wv(t) for all t € I"™.

(¢) h(s,t) =xg forall s€ I and t € OI™.

We write m, X for the set of equivalence classes of n-loops under this equivalence relation. If u
and v are n-loops then we define n-loops w and u * v by
ﬂ(tl,... ,tn) = U(]. —tl,tQ,... ,tn)
u(2t1,t2,...,tn) 1f0§t1§1/2
02t = 1,ta, ... tn) if1/2<t <1

(w*xv)(ty, ..., tn) _{

These operations make 7,X into a group. A based map f: X — Y gives a homomorphism
fe: ™ X — 1Y and if g is based-homotopic to f then g, = f,.

Some important properties are as follows:
Proposition 21.2. 7, X is always abelian when n > 1. O
Proposition 21.3. We have 7, S™ ~ Z, and 7, S™ is trivial when n < m.

This is enough to prove that when n # m, the spheres S™ and S™ are not homotopy equivalent,
and the spaces R™ and R™ are not homeomorphic.

Unfortunately, it is very difficult to calculate 7, X in general. In fact, not all the groups 7, S™
are known when n > m, although many cases have been calculated. For example

7T5S4 ~ (y

69t ~ Oy

778 = Chp x Cuo
7894 ~ Oy x Oy
T9S* =~ Cy x Cy
1094 ~ Oy x Cs.

However, using a slightly different approach one can define the homology groups H,X of a space
X. The definition is more complicated, but once the framework is in place the calculations are
much easier. For example, for n,m > 0 we just have

H, 5 = Z ifn=m
0  otherwise.
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These homology groups are in fact the main tool used in the algebraic topology of higher-
dimensional spaces.

22. OTHER APPLICATIONS OF THE FUNDAMENTAL GROUP
Theorem 22.1. There is no continuous map r: B? — S* such that r(a) = a for all a € S*.

Proof. We suppose that r exists and deduce a contradiction. We use 1 as the basepoint in S! and
in B2. Let j: S' — B? be the inclusion map, defined by j(a) = a for all @ € S'. Thus rj is a
map from S! to S*, and by assumption we have rj(a) = a for all a € S*, in other words rj is just
the identity map. It follows that r.j, = (rj).: 1St — 715! is the identity map. In particular, if
ay is the usual generator of 7St then r.j.(a1) = a;.

On the other hand, we have j,(a1) € 7 B? and By is contractible so 71 B? is trivial so j.(a;) = e
so 7.jx(a1) = e # a;. This contradiction completes the proof. O

Theorem 22.2 (The Brouwer Fixed Point Theorem). Let f: B> — B? be a continuous map.
Then f has a fized point, in other words there is a point a € B? such that f(a) = a.

Proof. Suppose not. Then for all a € B2, the point f(a) is different from a, so we can draw a
unique line from f(a) through a and on out to infinity. Let r(a) be the point where this line meets
St

This gives a function r: B2 — S'. One way to check that it is continuous is to find the formula.
The vector from f(a) to a is just f(a) — a, so the unit vector in the direction from f(a) to a is
(f(a) —a)/||f(a) — al|. We call this g(a), and note that g gives a continuous map from B? to S*.
Thus, the rules h(a) = (f(a), g(a)) and k(a) = || f(a)||*> define continuous maps h, k: B> — R.

The point 7(a) is obtained by moving from f(a) in the direction g(a) until we reach S*. Thus
r(a) = f(a) +tg(a) for some t > 0. To find ¢ we note that

1= |lr(a)]?
= (f(a) +tg(a), f(a) +tg(a))
= (f(a), f(a )>+2t< (a),9(a)) +t*(g(a), g(a))
= k(a) + 2th(a) +t
S0
t* + 2h(a)t + k(a) — 1 = 0.
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This quadratic has two roots. We see geometrically that one of them is negative (corresponding
to the point 7’(a) in the diagram), and one is positive (corresponding to 7(a)). The positive root
is

t =—(f(a),g(a)) +/h(a)* +1—k(a)

which is again a continuous function of a. Thus, the function

r(a) = f(a) + (=(f(a), g(a)) + V/h(a)? + 1 = k(a))g(a)
is also continuous, as claimed. (There are also more geometric ways to prove continuity.)
Clearly if a € S! then the ray from f(a) to a meets S* at a itself, so 7(a) = a. This contradicts
Theorem 22.1. O



