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Algebraic Topology Past Exam Questions — Solutions

Let (y,) be a sequence in Y, converging to some point 2 € X. Clearly any subsequence
converges to z also. By compactness, some subsequence (y,, ) converges to some y € Y,
and as limits are unique we must have x = y, so z € Y. This means that Y is closed, as
required.
Let (x,,) be a sequence in Y U Z. Then either z,, € Y for infinitely many n, or z, € Z
for infinitely many n. In the first case, we can choose a subsequence (z}) of (z,) such
that =), € Y for all n in other words we have a sequence in Y. As Y is compact, some
subsequence (z!) of (z]) converges in Y, and thus in Y U Z. The other case is similar,
so in either case some subsequence of (x,) converges in Y U Z. This implies that Y U Z
is compact.
If X has only one point then every sequence converges so X is compact. If X hasn > 1
points, we can write it in the form X =Y U Z where |Y|=n—-1and |Z| =1,s0 Y and
Z are compact by induction, so X is compact by (ii).
Let (w,) be a sequence in Y x Z, with w, = (yn,2,) say. As Y is compact, some
subsequence (yn,) converges to some y € Y. Put y, = yn, and 2z, = z,, and wj, =
(Vs 2,) = Wn,, - As Z is compact, some subsequence z;cj converges to some point z € Z.
Put yj = ngj and 2 = z;cj and wj = (y7,2]) = wjgj. As (yj) is a subsequence of
the sequence (y;) which converges to y, we see that y7 — y. By assumption we have
2] — z, 80 w; — (y,z). Thus, some subsequence of (w,) converges in ¥ x Z, proving
that Y x Z is compact as claimed.
As Z # () we can choose a point a € Z. Let p: Y x Z — Y be defined by p(y, z) = y.
We have p(y,a) = y, which shows that p is surjective. In general, if f: A — Bis a
surjective continuous map of spaces and A is compact we know that B is compact. As
Y x Z is assumed compact, we deduce that Y is compact.
If (z,y,2) € X then z* < 2* + y* + 2* = 1 so |z| < 1. Similarly, we see that |y| < 1
and |z| < 1, which implies that X is bounded. I claim that it is also closed in R®.
Indeed, suppose we have a sequence a, = (Zn,Yn,2n) in X converging to some point
a=(x,y,2) € R%. then 22 +yt + 22 =1 and 2, — z, y, — ¥ and 2z, — 2, so by the
algebra of limits we have

oty 42t =lim(ay o, +2) =1,
soa€ X.
A bounded closed subset of R™ is compact, so we deduce that X is compact as claimed.
We write z ~ y iff there is a path in X from z to y, in other words a continuous map
s: I — X such that s(0) = z and s(1) = y. For any z € X we can define ¢, : I — X by
cz(t) = x for all ¢; this is a path from z to z, proving that  ~ z. If x ~ y then there
is a path s from z to y and we can define a path 3 from y to = by 3(t) = s(1 — t); this
shows that y ~ x. If there is also a path r from y to z then we can define a path s r
from z to z by

s(2t) if0<t<1/2
r(2t—1) if1/2<t<1,

(sxr)(t) = {

and this shows that x ~ z. Thus ~ is reflexive, symmetric and transitive and thus is an
equivalence relation.

Let ¢ be an element of w9 X, in other words a path component in X. For any x € ¢ we
have a point f(z) € Y, and thus a path-component (f(z)) € moY . If 2’ is another point
in ¢ then ¢ ~ z' so we can choose a path s from z to 2’ in X. Thus fos: I =Y is a
path in Y from f(z) to f(z'), so f(z) ~ f(z'), so (f(z)) = (f(z')). We can thus define
f«(c) = (f(x)); this is independent of the choice of x and thus is well-defined.

If f,9: X — Y are homotopic then we can chooose a map h: I — X — Y such that
h(0,2) = f(z) and h(1,z) = g(z) for all z. If ¢ € mpX we can choose z € X and
note taht fi(c) = (f(z)) and g.(c) = {g(z)). We can also define a map s: I — Y by
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s(t) = h(t,z). This gives a path from s(0) = f(z) to s(1) = g(z), so {f(z)) = (g(x)), in
other words fi(c) = g«(c).

Write
a=[-3,-2]
b=[-1,1]
c=1[2,3]
d=10,1]
e =[2,11]

Then mo X = {a,b,c} and mpY = {¢,d}. The map f.: myX — mY is given by f.(a) =
fi(c) = e and f.(b) = d.
True. There is a homeomorphism f: S! — RP! given by

f(:v,y)zé(H27 Y )

y 11—z

This is false, because the Mdbius strip M is homotopy equivalent to S, so m M ~
mS! ~ Z, whereas m 5% = 0.

This is true because both spaces are homotopy equivalent to the space with two points.
Indeed, R\ {0} is the disjoint union of two contractible spaces (—o0,0) and (0, 00), each
of which is homotopy equivalent to a point, so R \ {0} is homotopy equivalent to two
points. Similarly, S? \ S* is the disjoint union of the sets Uy = {(z,y,2) € S? | z > 0}
and U- = {(z,y,2) € S? | 2 < 0}. Ifweput V = {(z,y) € R? | 22 +¢y? < 1}
then V' is contractible and there is a homeomorphism fy: V — Uy given by f(z,y) =
(z,y,4/1 — 22 —y?), so U, is contractible. Similarly U_ is contractible, so S? \ S is
again homotopy equivalent to two points.

This is false, because A can be disconnected by removing a point in the middle of one
of the legs, but D cannot be disconnected by removing a single point.

This is false: the closed line segment from (—1,0) to (1,0) is compact and convex but
not homeomorphic to B2. (The theorem states that if X C R? is compact and convex
and contains an open ball then X is homeomorphic to B2.)

Take X = R, Y,, = [-n,n]. The sequence (1,2,3,...) in R has no convergent subse-
quence, so R is noncompact. Moreover, Y,, is a bounded closed subspace of R and thus
is compact. For any z € R we can choose an integer n > |z| and then z € Y,,, which
shows that X =Y UY, U....

Put X =[0,1] and Y = (0,1] and Z = [0,1). Then Y U Z = [0, 1] which is compact.
The sequence (1/n) in Y has n subsequence that converges in Y, so Y is noncompact.
Similarly, the sequence (1 — 1/n) in Z has no subsequence that converges in Z, so Z is
noncompact.

The sequence 1,2,3,... in R has no convergent subsequence, because any two distict
terms have distance at least one apart so no subsequence can be Cauchy.

Let X = {0} and Y = [0,1] and define f: X — Y by f(0) =0. Then X and Y are both
path-connected, so moX and mY have only one point each. The map fi: 10X — @Y
sends the only point in 7y X to the only point in 7Y, so f, is a bijection and in particular
is surjective. However f is obviously not surjective, as 1 does not lie in the image of f
for example.

Put X = {0,1} and Y = [0,1] and let f: X — Y be the inclusion map, which is
clearly injective. If we write a for the component of 0 in X and b for the component
of 1 in X and c for the component of 0 in Y then moX = {a,b} and mY = {c} and
fx(a) = f«(b) = ¢, so f« is not injective.

False. The space X is not closed in R?, because the sequence (0,1/n) in X converges
in R? to the point (0,0), which does not lie in X. A subspace of R" is compact iff it is
bounded and closed, so X is not compact.
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False. Removing any two points disconnects S', but S! x I cannot be disconnected by
removing any finite set of points.
True. Define maps as follows:

f:8t =St xr f(z) = (2,0)
g: St xT— St g(z,r) =2
h:Ix(StxI)—S'xI h(t, (z,7)) = (z,tr).

Then gf = 1: S — S' and h is a (linear) homotopy from fg to lgi.z, so f is a
homotopy equivalence with homotopy inverse g.
True. Define maps as follows:

) ) z/lz] iffz>1
f:C\St =Y f(z)_{o if 2] < 1
g:Y = C\S! g9(z) = 2z.

Then fg = 1y and gf is linearly homotopic to 1¢\s1, so f is a homotopy equivalence
with homotopy inverse g.
False. Define f: [0,1]U (2,3] — [0,1] by

ft) = {(t—l)/Q ift e (2,3].

Then f is a continuous bijection, but f~! is not continuous (because 1/2+1/2n — 1/2
but f~'(1/2 4+ 1/2n) = 2 + 1/n does not converge to f~1(1/2) = 1), so f is not a
homeomorphism.
A metric space is a set X equipped with a metric, ie a function d: X x X — R such
that

— d(z,y) >0 for all z,y € X, with equality iff x = y.

— d(z,y) = d(y,z) for all z,y € X.

— d(z,2) < d(z,y) + d(y, 2) for all z,y,2z € X.
A function f: X — Y between metric spaces is continuous if for each sequence (z,) in
X that converges to a point x € X, the resulting sequence (f(z,)) in Y converges to
the point f(z).
The discrete metric on a set X is defined by

o =0 1222
1 ifx#y.

Let s: I — X be a path. Define f: I — R by f(t) = d(s(¢),s(0)), so f is continuous
and f(0) = 0. As d can only take the values 0 and 1, we see that f can only take the
vales 0 and 1, so by the intermediate value theorem it must be constant. As f(0) =0
we see that f(t) = 0 for all ¢. As d(s(0),s(t)) = 0 we see that s(t) = s(0) for all ¢, in
other words s is constant.

As usual we write x ~ y if  can be connected to y by a path, so ~ is an equivalence
relation and moX = X/ ~. As the only paths are constant, if z ~ y we must have z = y.
Thus, each equivalence class consists of just a single point, so mpX can be identified with
X.

Define

Y1 = 1st quadrant = {(z,y) |z > 0,y > 0}

Y> = 2nd quadrant = {(z,y) | z < 0,y > 0}
Y; = 3rd quadrant = {(z,y) | z < 0,y < 0}
Yy = 4th quadrant = {(z,y) | z > 0,y < 0}.

These are all nonempty convex sets and thus path-connected, and clearly they are open
and disjoint. If (z,y) € Y then zy Z0soz #0and y#0soz <0orz >0and y <0
or y > 0. Tt follows that (z,y) lies in one of the sets Y;, s0 Y = Y; UY>,UY3UY,. A path



in Y has the form s(t) = (u(t),v(t)), where for all ¢ we have u(t) # 0 and v(t) # 0. By
the intermediate value theorem, we see that «(0) has the same sign as u(1), and v(0)
has the same sign as v(1), so if 5(0) € Y; then s(1) € Y; also. It follows that the sets Y;
are the path components of Y, so moY = {¥1,Y3,Y3,Ys}. The formula for the map f is
f(z,y) = (y,z), and it follows easily that

) =1 f(Y2) =Y, f(Y3)=Y3 fo(Yy) = Ya.
/// X:y
Y, Nt
/// Yl
Y

3 L7
Y

e 4

As f, is not the identity map, we see that f is not homotopic to the identity.
7. (i) False. We have m S! = Z but m; of a point is the trivial group, so S* is not homotopy
equivalent to a point.

(ii) False. Put X = {0,1} and A = {0} and B = {1}. Then A and B are closed path
connected subsets of X with X = AU B, but X is not path connected. (You would
not be required to say this, but I remark that if X = AU B where A and B are path
connected (not necessarily closed) and A N B # @) then X is path connected.)

(iii) False. Write

X = (RxR)\ (Rx{0}) = {(z,y9) € B |y #0}.

We can then define a map f: X — R by f(z,y) = y. This is never zero and it is positive
at (0,1) and negative at (0,—1), so (0,1) cannot be joined to (0, —1) by a path in X,
so X is not path connected. However, S! is path connected and anything homotopy
equivalent to a path connected space is again path connected so X is not homotopy
equivalent to S?.

(iv) True. Write Y = (R x R?) \ (R x {0}), and define maps as follows

f:Y =8t f(z,y,2) = (y,2)//y* + 22
g: St =Y 9(y,2) = (0,y,2).

Then gf = 161, and fg is linearly homotopic to 1y.

(v) True. We can define a homeomorphism f: C\ {0,1} — C\ {i,—i} by f(z) = 2iz — i,
with inverse f~}(w) = (w +1)/2i.

(vi) False. We have Hy(C\{0,1}) ~ Z?, and this is not isomorphic to H;(C\ {0,1,2}) ~ Z3,
so C\ {0, 1} is not homotopy equivalent to C\ {0, 1, 2}.

8. (i) False. Define s;: A; — S! by s1(t) = e(t), so that u; = ([s1] mod B;S?!) is the usual
generator of H;S'. Then cos;: A; — St is a constant path, so c.[s1] ~ 0, so c.(u1) =0
in H;S'. Thus ¢, is not the identity map on H; S, so ¢ is not homotopic to the identity
map on S*.
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(ii) True. Define s, = fpo51: A = S', 50 5,(t) = e(t)" = e(nt), s0 s, can be unwound to
the path 3,(t) = nt in R. It follows that the usual isomorphism ¢: H;S' — Z satisfies

¢([8n]) mod B1S*) = 3,(1) — 3,(0) = n = $(nu,),

80 fnx(u1) = nuy. It follows that fr« # fm, when n # m, so f, is not homotopic to f,
when n # m.

(iii) False. If f: R — R® were a homeomorphism, then it would give a homeomorphism
R2\{0} — R*\{f(0)}. However, R?\ {0} is homotopy equivalent to S* and R®\ {f(0)} is
homeomorphic to R*\ {0} and thus homotopy equivalent to S?. We know that H1S' ~ Z
and H;S? ~ 0 so S' is not homotopy equivalent to S?. It follows that R? \ {0} is not
homotopy equivalent (and thus certainly not homeomorphic) to R® \ {£(0)}, so no such
map f can exist.

(iv) False. The map f_;: S' — S! is a homeomorphism and thus a homotopy equivalence,
and (f—1)«(u1) = —uy so (f—1)« is not the identity map.

9. (i) We say that f and g are homotopic if there exists a continuous map h: I x X — Y such
that h(0,z) = f(z) and h(1,z) = g(z) for all z € X.

(ii) We say that spaces X and Y are homotopy equivalent if there are maps f: X — Y and
g: Y — X such that gf is homotopic to 1x and fg is homotopic to 1y.

(iv) For any map u: X — Y we have an induced function u,: moX — mY, given by
ux{z) = (u(z)) for all z € X. These maps satisfy 1. = 1 and (vu), = vius, and ul, = u.
if u' is homotopic to u. If f,g are as above we then have maps f.: moX — mwY and
g« oY — moX, satisfying

fegs = (f9)e = (Iy)s = Iroy

gufs = (9f)e = (1x)s = Laox-

Thus g, is an inverse for f,, so f, is a bijection.
(v) Define maps as follows:

f:C— st f(@,y) = (z,y)/ /2% + y*

g:8' = C 9(z,y) = (22,2y)
h:IxC—C h(t,z,y) = (1 —t)(z,y) + t(z,y)/ /22 + 2.
Then fg = 1g1, and h is a (linear) homotopy from 1¢ to gf, so f is a homotopy
equivalence.
1 - o RN N
S c - . f(a)
a=gf(a) M
( ] |
b=h(0,b) /
a(b) J ;
-~ fg(b)=h(1,b)

10. (i) We say that U C X is open if for each point 2 € U, there exists € > 0 such that the

open ball B (z) = {y € X | d(z,y) < €} is contained in U.

(ii) We say that F' C X is closed if the complement X \ F' is open.

(iii) Suppose that F is closed, and that (z,) is a sequence in F' converging to a point z € X.
I claim that z € F. If not, then z lies in the open set X \ F, so there exists € > 0
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such that B.(z) C X \ F, or equivalently B.(z) N F = (. Because z,, — z, there exists

N such that d(x,,z) < € when n > N, or in other words z,, € B.(z) when n > N.
On the other hand, we have z,, € F for all n by assumption, so for n > N we have

[e]
x, € B(xz) N F = (), which is impossible. Thus z € F after all.
Conversely, suppose that F' satisfies the condition on sequences; we need to prove that
F is closed, or equivalently that X \ F' is open. If not, then there exists z € X \ F'
o]

such that B.(z) is not contained in X \ F' for any € > 0. In particular, By, () is not

o] o
contained in X \ F', so we can choose a point , € By/,(2) N F. As z, € By,(z) we
have d(z,,z) < 1/n so z, — x. Thus (z,) is a sequence in F' converging to the point
x outside F', contradicting the condition on sequences.

False. We have mT ~ Z2, but m1.5? = 0, so T is not homotopy equivalent to S2.

False. Let u be the usual generator of 71S'. If there were such a map 7, we would have
Teje = (1§)s = 1, = 1: m ST — m S, so u = 74 (j«(u)). This is impossible, because B2
is contractible so m1 B2 = {e} and j.(u) € m1.B? 50 j«(u) = € 50 r«(ju(€)) = e.

False. If f: R2 — R® were a homeomorphism, then it would give a homeomorphism
R2\{0} — R*\{f(0)}. However, R?\ {0} is homotopy equivalent to S* and R®\{f(0)} is
homeomorphic to R? \ {0} and thus homotopy equivalent to S?. We know that m S ~ Z
and 7152 ~ 0 so S! is not homotopy equivalent to S2. It follows that R? \ {0} is not
homotopy equivalent (and thus certainly not homeomorphic) to R® \ {£(0)}, so no such
map f can exist.

True. We can just define h(t,z) = tf(x); this is a homotopy from the constant map
with value 0 to f.

We say that X is homotopy equivalent to Y if there exist maps f: X — Yandg: Y — X
such that fg ~ 1y and gf ~ 1x (where p ~ ¢ means that p is homotopic to g).

Clearly any space X is homotopy equivalent to itself, because we can take f =g =1x.
If X is homotopy equivalent to Y then by reversing the roles of f and g we see that YV
is homotopy equivalent to X.

Now suppose that X is homotopy equivalent to Y and that Y is homotopy equivalent to
Z. We can then choose maps f and g as above, and alsomapsu: Y — Zandv: Z —-Y
such that uv ~ 1z and vu ~ 1y. These give maps uf: X — Z and gv: Z — X such
that

(uf)(gv) =u(fg)v 2 ulyv=uv ~ 1y

(gv)(uf) = g(vu)f = gly f = gf ~ 1x,

so X is homotopy equivalent to Z.

This shows that the relation of homotopy equivalence is an equivalence relation.

A space X is contractible if it is equivalent to the one-point space {0}. It is path
connected if for any two points x,y € X there is a path s: I — X with s(0) = z and
s(1) =y.

Suppose that X is contractible, so we have maps f: X — {0} and g: {0} — X and a
homotopy h: 1x ~ gf. Write a = g(0) € X. Note that we must have f(z) = 0 for all
xz € X, because there are no other points in {0} that f(z) could be. Thus gf(z) = a
for all . As h is a homotopy from 1 to gf, we have h(0,2) = z and h(1,z) = a for all
z. Thus, for any point z € X we can define a path s,: I — X by s,(t) = h(t,z). This
starts at  and ands at a. If y is any other point in X we can take the join of s, with
the reverse of s, to get a path from z to y. Thus X is path connected.

On the other hand, a path connected space need not be contractible. For example, the
space S' is path-connected (we can define a path from e to e by s(t) = e((1-1)0+i9))
but not contractible (because 71 St # {e}).

Let i: Y — X be the inclusion, and define r: X — Y by r(z,y) = (z,max(0,y)). We
then have rj = 1. I claim that if (z,y) € X then the line segment joining (z,y) to
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jr(z,y) is contained in X. If y > 0 then rj(z,y) = (z,y) and the claim is clear. If
y < 0 then (as (z,y) € X) we must have z € Q. We also have rj(z,y) = (z,0) so the
line segment in question is the set of points (x,w) with y <w < 0. As z € Q, all these
points lie in X as required. Thus rj is linearly homotopic to 1x, which implies that j
is a homotopy equivalence.

The set Y is convex and thus contractible, in other words homotopy equivalent to a
point. As homotopy equivalence is an equivalence relation, we deduce that X is also
homotopy equivalent to a point.



