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1. Introduction

Agda is a system for computer verification of mathematical proofs. This note explains what I think I have
understood about it. I am no expert, so there are doubtless inaccuracies and misunderstandings. Comments
and corrections are welcome.

My discussion will be naive and unclear about various foundational issues. These are doubtless important,
but it seems easier to address them after one already has a general feel for how the system works.

2. Neoclassical foundations

Agda is built on foundations of dependent type theory, but pure mathematicians tend to be more familiar
with naive set theory or its formalisation by the Zermelo-Frenkel axioms. We start by discussing some ideas
and notations in the Zermelo-Frenkel context that will ease the transition to Agda.

Definition 2.1. (a) For any set A, we write x : A (rather than the traditional x ∈ A) to indicate that
x is an element of A.

(b) For any sets A and B we write A → B for the set of all functions from A to B. The notation
f : A → B now means that f is an element of the set A → B, or equivalently that f is a function
from A to B.

(c) As in Lisp and related programming languages, we just write fa rather than f(a) for the value of f
at a.

Next, it is familiar that a function f ′ : A×B → C can be converted to a function f : A→ (B → C) by the
rule f(a)(b) = f ′(a, b). It turns out that for our current purposes it is much more convenient to deal with f
than with f ′. We adopt the convention that the arrow operator groups to the right by default, so we can just
write f : A → B → C rather than f : A → (B → C). With our Lisp-like notation for function application,
the value f(a)(b) is just written f a b, implicitly grouped as (f a)b. With this convention, we need explicit
parentheses for composition. For example, given functions p : A → B and q : B → C, the formula for the
composite function r = q ◦ p is r a = q (p a). (The unbracketed formula q p a would be grouped as (q p) a,
which is not meaningful.)

We will often consider situations where we have a base set A and a family of sets Ba indexed by the points
a ∈ A. Naively, one could hope to formalise this as a function B : A → Sets, where Sets denotes the set of
all sets. Of course, there is no set of all sets, so we need to do something more complex. One approach is
to assume axioms like those of Gödel and Bernays, so we have a chain of sets Sets0 ⊂ Sets1 ⊂ Sets2 ⊂ · · · ,
each of which is a universe in the sense of Grothendieck, such that Setsn is an element of Setsn+1 as well as
being a subset of Setsn+1. Elements of Setsn will be called sets of level n. We then need to keep track of the
levels of the sets appearing in different places in our constructions and arguments. Agda generally manages
to do this kind of level tracking automatically and invisibly, by a cunning mechanism of implicit function
arguments that is also used for many other purposes. It would therefore be a distraction for us to go into
details here, so we will shamelessly pretend that there is a set of all sets.

We now start to discuss logic.

Definition 2.2. We define false = 0 = ∅ and true = 1 = {0} and Bool = 2 = {0, 1}. We write ∧, ∨ and →
for the usual operations of conjunction, disjunction and implication:

∧ 0 1
0 0 0
1 0 1

∨ 0 1
0 0 1
1 1 1

→ 0 1
0 1 1
1 0 1
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We also write ¬p for the negation of p (so ¬p = p→ 0).

There is a formulation of logic in which propositions are simply elements of Bool. In particular, the
Riemann hypothesis is an element of Bool; unfortunately, we do not know which one. A richer formulation
would produce a set RH of reasons why the Riemann hypothesis is true. This set might be empty, but if it
had any elements they would have some kind of rich structure from which we could extract a proof of the
hypothesis.

This leads us to the following framework.

Definition 2.3. (a) A proposition is just a set. For any proposition P , the truth value of P is given by

β(P ) =

{
false if P = ∅
true if P 6= ∅.

(b) Let P and Q be propositions, with truth values p and q. We define P ∧Q to be the cartesian product
of P and Q. This satisfies β(P ∧Q) = p∧q, and corresponds to the idea that a proof of p∧q consists
of a proof of p together with a proof of q.

(c) We also define P ∨Q to be the disjoint union of P and Q. This certainly has β(P ∨Q) = p∨ q, and
is the most obvious set with that property. It corresponds to the idea that to prove p ∨ q, we must
either prove p or prove q. However, in classical logic we can often use the law of the excluded middle
to prove that p ∨ q must be true, without knowing which of the two possibilities holds. Thus, our
definition of P ∨Q corresponds to a more restrictive constructivist logic.

(d) As before, we write P → Q for the set of functions from P to Q. This satisfies β(P → Q) = p→ q,
and it corresponds to the idea that a proof of p→ q consists of a procedure for converting proofs of
p to proofs of q.

(e) Now suppose we have a function P : A → Sets, to be thought of as a proposition depending on a
parameter a:A. We put p = β ◦P : A→ Bool. We define the proposition (=set) ∀a:A (P a) to be the
product

∏
a:A(P a). Given an element m of this product and an element a:A we write m a for the

a’th component of m. Thus, we are treating m as a kind of function with domain A, except that the
range of possible values for m a depends on a. We also use the notation (a:A) → (P a) for the set
of all possible functions m of this type (so ∀a:A (P a) and (a:A)→ (P a) are two different notations
for the same set). It is easy to see that

β(∀a:A (P a)) = ∀a:A (p a) ∈ Bool,

corresponding to the idea that a proof of the proposition ∀a:A (p a) is just a system of proofs of all
the individual propositions (p a).

(f) We also define ∃a:A (P a) to be the set of pairs (x,m), where x:A and m:(P x). This satisfies
β(∃a:A (P a)) = ∃a:A (p a) and corresponds to the idea that a constructive proof of ∃a:A (p a) must
fix a particular x:A and give a proof of (p x).

(g) Finally, for any proposition P with truth value p we define ¬P = (P → 0). This does satisfy
β(¬P ) = ¬p, but it is a very destructive and uninteresting operation. If P is nonempty then ¬P
is empty, and if P is nonempty then ¬P consists of a single point. Thus, our framework cannot
capture any structure of a proof of ¬p.

Because of the problems mentioned in (c) and (g), these definitions do not give a very good way to talk
about classical proofs. However, they have many formal similarities with the more useful framework of
dependent type theory which forms the basis for Agda. For that reason we will explore them a little further.

An equivalence relation on a set X can be regarded as a function r′ : X×X → Bool with certain properties.
As discussed above, we will prefer to work with the corresponding function r : X → X → Bool. We will also
want to consider a function R : X → X → Sets whose truth value is r, in order to remember the reason why
two elements are related rather than just the bare fact that they are. In order to prove anything interesting
about (X,R), we will need to use the fact that r is reflexive, or in other words the fact that R x x is nonempty
for all x. To get a complete proof of our final conclusion, we will need to know why the reflexivity axiom
holds. Thus, we need to remember a proof of the fact that ∀x:X (r x x), or in other words an element ρ of
the set ∀x:X(R x x). We call this set Reflexive R, so an element of Reflexive R is a proof of the reflexivity
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axiom. In the same style we define

Symmetric R = ∀x:X ∀y:X (R x y)→ (R y x)

Transitive R = ∀x:X ∀y:X ∀z:X (R x y)→ (R y z)→ (R y x).

(It would be more traditional to write the transitivity condition as (R x y)∧ (R y z)→ (R x z), but we use
∧ = × and (A×B)→ C ' A→ B → C to rewrite it as above.)

It is now natural to define an equivalence relation on X to be a quadruple (R, ρ, σ, τ) where

R : X → X → Sets

ρ : Reflexive R

σ : Symmetric R

τ : Transitive R,

so that proofs of the axioms are taken as part of the structure. In traditional mathematical writing it is
common to abuse language by using the symbol R to refer to either the map X → X → Sets or the whole
quadruple, according to context. We mention in passing that Agda’s framework of records and implicit
arguments can be used to make such abbreviations systematic and unambiguous.

In the case of an equivalence relation it is more congenial to use notation like x ∼= y rather than (R x y).
Fortunately Agda has a notational device to allow for this as well. Function names in Agda can use almost
any unicode characters (including chinese ideographs, runes and so on as well as mathematical symbols).
Relations are typically given names like ∼= , with underscores at the beginning and the end. The placement
of the underscores tells Agda that x ∼= y is an acceptable synonym for ( ∼= x y). Similarly, the factorial
function can be called !, and the placement of the underscore indicates that n ! = ( ! n). (One slightly less
welcome consequence of this lexical fexibility is that it is vital to have a space between the n and the ! sign,
because the unspaced string n! counts as a completely separate name.)

Next, a monoid is usually defined as a set A equipped with an element e : A and an associative binary
operation • : A→ A→ A for which e is a two-sided identity. In Agda the operation will officially be called
• so that it can be written in infix form as a • b rather than • a b. In our neoclassical framework, we

need to take proofs of the monoid axioms as part of the monoid structure, rather than merely assuming that
the axiom hold.

However, this is still not really the best definition of a neoclassical monoid. To explain why, recall that
in classical mathematics, the quotient set X/ ∼= is just as good a set as X itself. This is not so true in our
neoclassical setting, where we do not want to forget the reason why two things are equivalent. We therefore
introduce the notion of a setoid, which is a set equipped with a (neoclassical) equivalence relation. It is best
to define monoids and other algebraic structures in such a way that the carriers are setoids rather than sets.
Thus, a monoid consists of the following ingredients:

(a) A set A
(b) A relation ∼= : A→ A→ Sets on A, together with proofs (in the sense described above) that this

is reflexive, symmetric and transitive
(c) An element e ∈ A (not just an equivalence class)
(d) A binary operation • : A→ A→ A
(e) A proof that the binary operation respects the equivalence relation.
(f) A proof that ∀(a : A) e • a ∼= a
(g) Proofs that the associativity and right unit axioms hold up to equivalence in the same sense.

This is evidently a rather complex package of data. Fortunately, the features of Agda and its standard
library have been carefully designed to minimise the pain that this causes.
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