SPECTRA OF UNITS

N. P. STRICKLAND

1. THE DEFINING ADJUNCTION

If R is a ring spectrum, then we let GL;(R) denote the preimage of (moR)* under the evident map
QR — myR. If R has an E, structure then GL;(R) is a grouplike E,, space and thus an infinite loop
space, associated to a connective spectrum that we call gl; (R), the spectrum of units for R. We also write
bgl, (R) for X gl, (R).

Conversely, if X is an arbitrary spectrum then the additive structure makes Q2*°X into an E., space and
so makes $3°Q0° X into an Fy, ring spectrum. It is formally reasonable to expect an adjunction

Spectra(X, gl (R)) ~ (ExRings)(EF Q> X, R).

Although this idea familiar to many people, we do not know of any rigorous theorem along these lines.
One would expect that any such theorem would involve a number of technicalities about model structures,
comparison of operads and so on. In this note we will explain a conjecture about how this should work out.
We will use the framework described in [1].

Let M be the EKMM category of S-modules, and write A for the natural smash product in M. Let C
denote the category of commutative monoids in M. Let S¥ be the cofibrant k-sphere in M.

Conjecture 1.1. There are functors T: M — C and gl,: C — M such that

(a) T is left adjoint to gly, and the adjunction is enriched and passes to homotopy.

(b) TS is obtained from the free commutative ring PS° by inverting the tautological element x €
™0 (PSO)

(c) There is a natural map oy : TX — B2 M(S?, X) in M, which is a weak equivalence for all X. The
composite

271 PS° = (][ BE,) T — TS° =55 52QS°
n

is the usual equivalence.

For the rest of this note, we will assume this conjecture.
Note that if k < 0 then M(S?, S7*) is contractible, so T'S* is weakly equivalent to S° in C, so 7 gl; (R) =
hC(TS;* R) = 0. Thus, the spectrum gl; (R) is (—1)-connected for all R. Moreover, we have

Q> gl (R) = M(S% ¢l,(R)) = C(T(SY),R) = C(z~'PS", R) c C(PS°,R) = Q°R.
It is not hard to see that the relevant subspace of 2°°R is just GL;(R) as defined earlier, and so mg gl; (R) =
(7TOR) X,

Note that the functor R ~ hC (TX,R) = [X,gl,(R)] takes values in the category of abelian groups, so
T X is naturally a cogroup object in AC, with structure maps

SO ETX L TXATX

say. These should be compatible with the collapse and diagonal maps of the space 2°°X under ax.
The topological compatibility of our adjunction means that gl, (F(Ky, R)) = F(K4, gl,(R)) for any space
K. It follows that

(K, gl (R)] = mogly (F(K+, R)) = (R°K)*.



2. THOM SPECTRA

Suppose we have a spectrum X and a map ¢: QX = ¥71X — gl,(9), or equivalently a map X — bgl, (S),
or amap (#: TQX — S in C. We define the corresponding Thom spectrum T¢ to be the homotopy pushout
in C of the maps

0 € ¢* g0
SY—TOQX =— S°.
We find that C(T'¢, R) is the space of paths from 0 to gl; (n) o ¢ in M(QX,gl;(R)). (I learned this point of

view from Mike Hopkins; I do not know whether there is any earlier history.)
In particular, for the case { = 0 we have

C(T(X = bgl (5)), R) = QM(QX, gl, (R)) = M(X, gl,(R)) = C(TX, R),
T(X % bgl (R) = TX ~ ST0°X.

Now suppose we have another map £: Y — bgl; (S). From the above description we see that

TCATE =T(X VY & bel, (5)).
In particular, we can take Y = X and ¢ = ¢, and then use a shearing isomorphism to get
T(AT(~T(AETOTX.

It follows that for every naive ring spectrum R with a map T¢( — R, we have a natural isomorphism
R.T(¢ ~ R*Zfﬂi"X of R,-algebras.

Similarly, we can use the maps

(1,1 (¢,0)
X —/5 XV X =5 bgly(S)

to get a map T¢ — T¢ AT X, giving a coaction of the cogroup T'X on T¢.

3. EQUIVARIANT VERSIONS
We can enrich our original conjecture as follows. Let £ be the category of infinite universes.

Conjecture 3.1. There are functors T: L x M — C and gl;: £ x C — M such that

(a) For each universe U, the functor T'(U, —) is left adjoint to gl, (U, —), and the adjunction is enriched,
natural in U, and passes to homotopy.

(b) There is a natural map 7'(U, X') — X°M(S(U), X), which is a weak equivalence for all U and X.

(c) There is a natural equivalence T'(R, X) ~ T X, where T'X is as considered previously.

Now let G be a finite group, and let GM be the category of objects in M with an action of G, and
so on. Let U = C[G]* be the standard complete G-universe. We give GM the model structure with
S(Ug) as the basic cell, so the associated homotopy category is the usual category of genuine G-spectra.
We will write A¢: GM — M for the Lewis-May fixed point functor, which in our framework is given by
AX = Fg(S(U), X). We will also let ¢“ denote the geometric fixed point functor, given on cofibrant objects

by ¢%(X) = A\ (EG A X).

For any X € GM we combine the G-actions on X and U to get an action on T(U, X). Similarly, for
R € GC we get an action on gl; (U, R). The homeomorphism
is then G-equivariant, so we get an adjunction

Using this, we can make all our constructions equivariant.
However, it is not easy to understand the equivariant homotopy type of the space

GLi(R) = M(5(U), gl (U, R)) = C(T(U, 5(U)), R).
In the case G = 1 we know that T'(U, S(U)) = T(S?) (which is equivalent to £5°QS") is obtained from the

free object PSY by inverting a single homotopy element, which implies that GL;(R) is just the union of the
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invertible components in Q*®°R = M(S?, R) = C(PS?, R). The analogue for general G is more complicated.
To explain it, we introduce several categories associated to G.

e bG is the category with one object, whose endomorphism monoid is G. This has BbG = BG.

e For any set T, we let €T’ be the category with object set T, and a single morphism between any
pair of objects. Any bijection T' — U gives an isomorphism €T — eU of categories. In particular, G
acts on itself by left multiplication, and so acts on eG by automorphisms of categories. We find that
BeG = EG as G-spaces. We also find that bG = (eG)/G as categories, and that BbG = (BeG)/G
as spaces.

e We let F be the category of finite sets and bijections, so BF ~ [[, BX,. We thus have X°BF =
PS°. As F is a symmetric monoidal category, it has a K-theory spectrum K (F), which in this case
is just SY.

o We write sG for the category whose objects are pairs (X, u) where X is a finite set, and u: X — G.
The morphisms from (X,u) to (Y,v) are the bijections X — Y (independent of u and v). The
group G acts on sG by isomorphisms, by the rule ¢g.(X,u) = (X, gu), where (gu)(x) = g.u(z).
This is equivariantly equivalent to the free symmetric monoidal category generated by eG. We have
BsG = D(EG) (where D is the total extended power functor), and the group completion of this is
Q(EGy). Tt is natural to think of K(sG) as being closely related to the cofibrant G-sphere S(Ug),
although we do not know of a way to make this precise. (It would not be strong enough to say that
K (sG) is weakly equivalent to S(Ug) in the usual model structure on GM, essentially because the
non-cofibrant unit sphere S° (with trivial action) is already weakly equivalent to S(Ug).) As part
of the evidence, recall that

Q*S(Ug) = M(S(R*),S(Uc)) = QL(Us, R™) 4,

and L(Ug, R*) is a model for EG, so Q*°S(Ug) = Q(EGL) = Q®° K (sG) as G-spaces.

o We write ¢G = [eG,F] = SymMon(sG F). If we had a sufficently good K-theory functor, we
would expect a natural map B SymMon(A, B) — M(K(A), K(B)). In particular, we would get an
equivariant map

BqG — M(K(sG), K(F)) = M(S(Ug), S(R)) = QaS".

I think it should be possible to construct this by more pedestrian methods (eg configuration spaces).

e We write GF = [bG,F]| for the category of finite G-sets and isomorphisms, and G7 for the
subcategory of transitive G-sets. Omne can check that GF is the free symmetric monoidal cat-
egory generated by GT, so BGF = D(BGT) and K(GF) = LFBGT. The tom Dieck split-
ting says that A“S? can also be identified with ©°BGT, so K(GF) = A5°. We also have
(@@)E = [(eG)/G,F] = [bG,F] = GF, so (B¢G)® = BGF. More generally, for any H < G
one checks that eG is H-equivariantly equivalent to eH, and so (¢qG)? = HF and (BqG)" = BHF.

e We also write fG for the subcategory of free G-sets in GF. We have a functor from bG to fG,
sending the unique object in bG to G € obj(fG), and sending the morphism g € bG to the morphism
(x — xg~ 1) € fG(G,G). This extends to an equivalence from the free symmetric monoidal category
on bG to fG. It follows that BfG = D(BG) and K (fG) = X BG.

Now let ALG = mo(GF) = moBGF = 7§ §BqG be the Burnside semiring for G. The group completion
of this is the Burnside ring AG, which can also be described as 75 (QgS?). Let U be the set of subsets of
G, with its evident action of G, and note that this contains a copy of G/H for each subgroup H. For any
x € AG we have x +n[U] € ALG for n > 0, so AG is the colimit of the sequence

A,G +[U] A.G +[U] ALG +[U]
This comes from a sequence
BqG — BqG — BqG — - --
of G-spaces, and I think one can show that the homotopy colimit is Q@@S°. Now let u be the element of
Z[A+G] corresponding to [U], or its image under the natural stabilisation map
Z[ALG] = Z{r§ BqG} — n§'S° BqG.
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We deduce that 3Q¢S° = (E°BgG)[u™!] as ring spectra. It is not hard to deduce that this can be
regarded as an equivalence of strict modules over T', where T is a strictly commutative ring equivalent to
¥ BqG. We can then form the Bousfield localisation of T' in the category of commutative T-algebras, with
respect to the module T[u~!]; this gives us a commutative T-algebra that is equivalent to T[u~!] as an
T-module, and is equivalent to E‘fQGsO as an T-algebra. It follows that GC(EngSO, R) is the union of
certain components in the space GC(X°BqG, R), for any R € GC. If we replace R by F(G 4, R), we deduce
that the G-space GL1(R) = C(X¥ Q¢S R) is the union of certain components in the space C(X3°BqG, R).

It is illuminating to consider the image of the equivalence Zf@gso = u’lEﬁf’BqG under various functors.
Firstly, we have the geometric fixed point functors ¢!, which satisfy ¢ LPX =3¢X H_ In particular, we
have

¢S BeG = £°(BgG)? = S BHF,
SO
¢"u 'SP BeG = u 'SP BHF = ¥ (QuS")?
We also know that QS is H-equivariantly equivalent to QxS, so
SF(QuS)" = ¢"3FQes”,

as expected.

It is also interesting to consider 7 ZOOBQG and g Zf@gso. For this, we need still more categories.

Definition 3.2. F; is the category whose objects are maps of finite sets, and whose morphisms are commu-
tative squares in which the horizontal maps are bijections. This is a symmetric bimonoidal category, under
the definitions
X-0)I(Yy -V)=(XIY—-U0ULv)
X—-U0)Y —-V)=(XxVIOUXY)— (UxV)).

We have functors j,e: CF — Fy given by j(X) = () —» X) and e¢(X) = (X — 1); these satisfy j(X 1Y) =
J(X)Ij(Y)and j(X xY) =4(X)®5(Y) and e(XTTY) = e(X) ®e(Y) (up to coherent natural isomorphism
in all cases).

We write GF, for the functor category [bG, Fs], which is isomorphic to the category of maps of finite
G-sets.

Definition 3.3. Let I be a small category, and let F': I — Cat be a functor. We let AF be the category
with

obj(AF) ={(i,a) | i € obj(I) , a € obj(F (7))}

(AF)((i,a),(5,0)) = {(u, f) |w € I(i,j) , | € F(j)(uxa,b)}.
The composition rule is (v, g) o (u, f) = (vu, g o (vif)).
Lemma 3.4. B(AF) = hﬂmI(B o F).
Proof. This must be in the literature somewhere. ]
Corollary 3.5. Let C be a category with an action of G. Let D be the category with

obj(D) = {(H,c) | H< G, c € obj(C)"}
D((H,c),(K,d)) ={(9,p) | g€ G/H , gHg™' =K , p € C(ge,d)"}

(h,q) o (9,p) = (hg,qo (h.p)).
Then A\9S%° BC = X5°BD.
Proof. Let O be the category with

obj(0) = { subgroups of G}
O(H,K)={9€G/H |gHg™" = K}.

For any G-space X we have a functor O — Top given by H +— X', and one formulation of the tom

Dieck splitting is that )\GZTX is the homotopy colimit of this functor. Now take X = BC and apply the

lemma. ([l
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Conjecture 3.6. )\GESFOBqG = K(GF) as ring spectra. The obvious ring map K(GF) = \9S —
)\GZquG = K(GF3) comes from the functor j: GF — GF,. Moreover, the following diagram commutes:

S¥BGF —Z> ¢ BgG — A\INF BgG

Bel lg

£ BGF; K(GF)

The evidence is as follows. Let J C GF3 be the subcategory of objects (X — U) for which U is a G-orbit,
or equivalently, the category of U-indecomposable objects in GF». It is not hard to see that GF; is the free
symmetric monoidal category generated by J, so K(GF;) = ¥°BJ. It will therefore suffice to show that
J is equivalent to the category D in Corollary based on C = ¢G. In that case C¥ ~ HF, so an object of
D is essentially a pair (H, X ), where H < G and X is an H-set, giving an object G xg X — G/H in J. One
checks that this construction gives the required equivalence D — J. I have not checked all the additional
claims but they seem very plausible.

We deduce that 7r8; Y BqG = Ko(GF3). This is the free abelian group generated by the isomorphism
classes of indecomposables in GF,. The indecomposables are all of the form (G xyg X — G/H) for some
H < G and some H-set X. For fixed H the construction [X] — [G xg X — G/H] gives us a map
Z[A+ H] — Ky(GFz), and by putting these together we get an isomorphism

D zl(ALH)/(WaH)] — Ko(GF).

(H)
Addition of [U] gives a well-defined endomorphism of (A H)/(WgH) for all H, corresponding to multipli-
cation by u € 7§ ¥%°BqG. This leads to an isomorphism

ST QeS” = u Ko(GF2) = @D Z[(AH) /(W H)).
(H)
This can also be obtained more directly from the tom Dieck splitting:
TN QGS® = mE holim(QeS®) = Z{lim 7l (QcS°)}
o o
= 2{[[ A(H)/WeH} = P ZI(AH)/(WeH)).
(H) (H)

Example 3.7. Let p be prime, and let G be a group of order p. Let z, y and z be the elements of K(GF3)
corresponding to the maps 1 — 1, G — 1 and ) — G. Then 2%y = [(i.1 11 .G) — 1] and 2°z = [i.G — G].
Any indecomposable object of GF» has one of these two forms, so z, y and z generate K(F2). One checks
that in fact

Ko(GFs) = Zlz,y, 2]/ (2" — y)z, (z — p)2).
4. SMALLER MODELS

We now set up smaller model for ¢G.
Let F' be the usual skeleton of F, with object set N and morphism set [[, ¥,. We have a functor
U: F'x Fl' = F',given by nUm=n+m

(cUT)(3) = {
This is associative and unital on the nose. We have a symmetry isomorphism v, p,: nUm — mUn given by

{z’—i—m if0<i<n

o(i) ifo<i<n
Ti—n)+n UUn<i<n+m

1) =
Y () i—n ifn<i<m.
This makes F’ a symmetric monoidal category.
As the inclusion 7' — F is an equivalence, we see that ¢G is equivalent to ¢'G := [eG, F’]. Let X : eG —
F’ be a functor. As the objects of eG are all isomorphic, and F’ is skeletal, we see that there is a number
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n € N such that X(g) = n for all g. Next, for each z € G we have a unique morphism 1 — z~! in eG and

thus an element ¢x (z) = X(1 — 271) € 3,,. We then have ¢x (1) = 1, and the image under X of the unique
morphism x — y is ¢x (y~H)édx (z71) 1. If we have another object Y € ¢’G, then a morphism f: X — Y is
just a system of permutations f, € ¥, for each z € GG, making the following squares commute:

n n
fll ifml
n n

This means that the maps f, are all determined by f;, which can be arbitrary. It follows that ¢'G is
isomorphic to the category of pairs (n, ¢), where n € N and ¢: G — ¥, is a pointed map (not necessarily a
homomorphism). There are no morphisms from (n, ¢) to (m, ) unless n = m, in which case the morphism
set is 3, (with the usual composition).

The symmetric monoidal structure on ¢'G is

(n, @) U (m, ) = (n+m, ¢ L),

ox (x)

—_—

_—

oy (z)

where ¢ LI 1) means the map
(¢,%) U
G—> %, XXyn — Znim.

The map
U: ¢'G((n, 9), (n,¢)) x ¢'G((m, ), (m, ")) — ¢ G((n +m,dUv), (n+m,¢ LUY))

is just the map
U: X X Xm — Zntm
as described previously.
One checks that the action of G' on obj(¢'G) is given by g.(n, ) = (n, gp), where (g¢)(x) = ¢(zg)p(g) L.
This is an action because
(9(h¢))(x) = (h)(zg)(he)(9)~" = d(zgh)p(h) ™ p(h)p(gh) ™
= ¢(zgh)p(gh) ™! = ((gh)¢)(z).
We also have an action
9: (d'G)((n, ), (n,¥)) — (¢ G)((n, g9), (n, gv))
given by g.o = 1 (g)op(g)~!. This is an action because
g-(h.0) = g.(¥(h)ap(h) ™) = (M) (g) p(h)ap(h) " (he)(g) ™
= (gh)(h) " (h)ad(h) " d(h)e(gh) ™"
= y(gh)og(gh)™" = (gh).0

If we have another morphism 7: (n,v) — (n,x), then

(9-7)(9-0) = x(9)T9(9) " (9)od(9) " = x(9)Tod(9) ™" = g.(70),
so we have defined a functor g: ¢'G — ¢’G. One checks that this is the same as the action coming from the
description ¢'G = [eG, F'].

5. SYMMETRIC MONOIDAL FUNCTORS

Let (A, @, ®) be a bipermutative category, so K (A) can be constructed as an object in C. It is reasonable

to suppose that the space
C(EFBqG, K(A)) = C(K(Free(¢G)), K (A))
should be well-related to the classifying space of the category of bipermutative functors Free(¢G) — A, or
the category of permutative functors ¢G — (A, ®). Even in the case G = 1 the relationship is not too close
because of group completion issues, but nonetheless this suggests that it would be interesting to understand
the categories SymMon(gG, Q) for various symmetric monoidal categories Q.
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As a warm-up, we consider the category SymMon(F’, 7). An object is a pair (F,(), where F: F' — F’
and ¢ is a natural map ,: F(aUb) — F(a) U F(b) such that the following diagrams commute:

FlaubUe) — =" Fa)UF(bUc) FlaUb) —% F(a) U F(b)
Caub,cl J/l‘JCb,c F('Ya,b)l iw(aw(b)
F(aUb)UF(c) mlF(a)I_IF(b)I_IF(c) F(bLIa)T:F(b)I_IF(a)

We have not given any axioms about the unit, because they are not needed. The existence of (y o implies
that F(0) = 0, and thus that (o0 = 1o. If we put b = ¢ = 0 in the left hand diagram above, we find that
C&a = (o, and so (p,q = 1. Similarly, we have (0 = 1.

The morphisms from (F, () to (G,§) are the natural maps a: F — G such that the following diagram

commutes:

FlaUb) —=% F(a) U F(b)

Xa+b \L \Laal_lozb

G(alUd) e G(a) UG(b)

We define another category D as follows. An object is a pair (d,«), where d € N and « is a sequence of
elements v, € X4 (for m > 0) with ap = 1 and a3 = 1. There are no morphisms from (d,a) to (d', o)
unless d’ = d, in which case the set of morphisms is ¥4. Composition is just multiplication of permutations.
We will show that SymMon(F’, F”) is isomorphic to D.

To prove this, we need a bipermutative structure on . We can define a functor @: F' x ' — F’ by
n®@m=mnmand (c®7)(i+nj)=0(i) +n7(j) for 0 <i <mnand 0 <j < m. This is associative and unital
on the nose. We find that

a®(Buy)=(a@p)U(a®7).
We can thus define an object (My, 1) € SymMon(F', ') by My(n) = dn and My(0) = 14®0. Given ¢ € X4,
we have an automorphism ¢, of My given by

¢n = ¢® 1, € Xpg = f,(Md(n)de(n))'

If a: (My,1) — (Mg, 1) is a morphism in SymMon then we must have a1 = ap U . If we put ¢ = a3
then we find inductively that «; = ¢; for all j, so & = ¢,. It follows that End(Mg, 1) = Xg4.
Now suppose we have (d,a) € obj(D). We define M : F' — F' by M§(n) = nd and

at o
Mg (o) = (nd — nd RUL LA nd).
This is defined so that o: Mg — M is a natural isomorphism. We also define

@ Mad(nl_lm) — MZ(n)U M (m)

n,m-*

to be the composite
—1

(n+m)d Zntm, (n+m)d (n+m)d.
This makes (Mg, (*) into an object of SymMon(F’, '), isomorphic via o to M. Next, given a morphism

op oy,

(d,a) % (d,3)
in D, we have a map (MZ,(*) — (M(f, ¢?) in SymMon(F’, F') given by the composite

a~!
(Mg, ¢*) 2= (M, 1) & (11, 7).
This construction gives us a functor M: D — SymMon(F’, '), which is easily seen to be full and faithful.
We must show that it is bijective on objects.
Consider an object (G,€) € SymMon(F’,F'). Put d = G(1) € obj(F') = N. Tt is easy to see that
G(n) = nd for all n. Define wy =1 € Xy and w; =1 € Xy, and

Wp—1U1
s

wn = (nd=CG((n—1)U1) 2% Gn— 1)L G(Q)
7
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for n > 1. We claim that w is a natural isomorphism (G,§) — (Mg, 1) and thus that (G,§) = (MJ, (%),
where v, = w; . The details still need to be written out.
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