THE STEINBERG MODULE AND THE HECKE ALGEBRA

N. P. STRICKLAND

1. INTRODUCTION

This note aims to give a self-contained exposition of the Steinberg module and the Hecke algebra for
GL,(F,), aiming towards the applications in algebraic topology. We have tried to use methods that are
elementary, or failing that, familiar to topologists.

I have not tried to investigate the history of these ideas but it seems likely that it goes something like
this.

(a) People worked out how to solve problems by matrix calculations, including row-reduction.

(b) Thinking more abstractly, other people worked out the ideas presented here.

(c) Generalising further, people developed a still more abstract theory of Coxeter groups, BN pairs and
SO on.

There is plenty of current literature written at levels (a) and (c), but not so much at level (b). Everything
that we say is well-known to those who have digested the more general theory, so our purpose is purely
expository.

To avoid trivialities, we assume n > 1 unless otherwise stated.

2. LENGTH OF PERMUTATIONS
For any permutation o € X,,, we put
L(o) ={(i,j) | 0 <i<j<nando(i) > o(j)}
Lt (o) = L(o) 11 {(i,i) | 0 < i < n}
={(,j)|0<i<j<mnand o(i) >0o(j)}
l(o) = [L(o)]-
The integer (o) is called the length of o.
Example 2.1. For o = (1 3 5)(2 4) we have
L(o) = {(1,4),(1,5),(2,4),(2,5),(3,4),(3,5), (4,5)},
sol(o)="1.
It is sometimes convenient to reformulate this slightly. We put
L(o) = {{i,j} | (,4) € L(0)}.
Equivalently, L(o) is the set of subsets T C {1,...,n} such that |T| = 2 and o: T — oT is order-reversing.
As i < j for all (i,j) € L(c) we see that L(o) bijects with L(o), so |L(c)| = (o).

Remark 2.2. Put A = [[,_;(z; — 2;) € Z[z1,...,2n]. One can then see that for o € X, we have
0.A = (—1)(9)A. Using this, we find that the map o + (—1)"?) is a nontrivial homomorphism ¥,, — {£1},
which must therefore be the same as the signature.

Lemma 2.3. [(c7}) = (o).
Proof. o induces a bijection L(c) — L(o™1). O
Definition 2.4. For i =1,...,n — 1 we let s; denote the transposition that exchanges i and ¢ + 1.

Proposition 2.5. (o) is the least r such that o can be written in the form s;, s;, ... S;, .

r

1



Lemma 2.6. For permutations o,7 € ¥ we have

L(oT) = f(T)AT;lf(O’)

(where AAB is the symmetric difference, (AU B)\ (AN B).)

Proof. Consider a pair of permutations ¢, 7. The composite

(i3} = 7{is g} = {7 (D), 7()} = owr{i, 5}
is order-reversing iff precisely one of the two composed maps is order-reversing. 0

Lemma 2.7. If o(k) < o(k + 1) then l(osk) = (o) + 1, otherwise I(osg) = l(c) — 1.

Proof. Now take T = s in the previous lemma, so L(7) = {{k,k + 1}}. It follows that l(osy) is I(o) — 1 if
{k,k+1} € s, 'L(0), and I(0) + 1 otherwise. As sp.{k,k+1} = {k,k+ 1} we have {k,k+ 1} € s;./L(0) iff
{k,k+1} € L(o) iff o(k) > o(k + 1), as required. O

Proof of Proposition[2.5 If o = s;,si, ... s;,, then it is immediate from the lemma that {(o) < r. Conversely,
suppose we have (o) = r. If r = 0 then o is order-preserving and so must be the identity, which is
compatible with the claim in the proposition. If > 0 then o is not order-preserving, so there must exist
k with o(k + 1) < o(k). The lemma tells us that {(osy) = r — 1. We may thus assume inductively that

OSk = Sy Siy - - - Si,_, for some 41,...,%.—1. It follows that 0 = s;, ...$;,_, Sk, which is an expression of the
required form. 0
Definition 2.8. Consider a word w = s;, S;, ... s;, in the variables s1,...,s,_1. The corresponding permu-

tation then has length at most r. If the length is precisely r, we say that w is reduced.
Definition 2.9. We write p for the permutation p(i) = n+1—i, which satisfies p?> = 1. Note that p(i) > p(j)
iff i < 4, s0l(p) =n(n—1)/2.

Definition 2.10. For m < k we put t¥, = s,,8,,11 ... 551 (to be interpreted as the identity when m = k).
In cycle notation, this is
th =(m, m+1, ..., k—1, k).

m
Proposition 2.11. For any o € %, there is a unique sequence myq, ..., m, with 1 < my; <k and
-1 2 41
o=ty to ot

Moreover, we have l(o) =Y 1_,(k —my).

Proof. Put m,, = o(n) and 7 = (¢, )"'o. Then 7(n) = n, so 7 can be regarded as an element of ¥, _1, so
by induction we have
= tn—l tn—2 t2 tl
Mp—1"Mp—-2 """

ma2 "My
for some m,,_1,...,my, and I(1) = S7—; (k — my). It follows that
o=t T=tn thl 2t

We also have

Lty,,) = {{i,n} | ma <i <n},
0 B
T L(ty,) = {77 (i),n} | mn <i <n},
whereas L(7) contains no pairs of the form {i,n}. Thus L(7) and 7, *L(t}, ) are disjoint, and
l(o) = [L(r)| + | ' L(ty, )| = Ur) + (n = my) = Y (k = my).
k=1
]

Definition 2.12. Let X, be the group freely generated by symbols si,...,s,-1 subject to the relations
s? =1 and $;8;418; = S;4+15;8i+1 and sisj = s;8; whenever |i — j| > 1. It is straightforward to check that
the corresponding relations hold in X,,, so there is a canonical map €: in — X, sending s; to s;. We will
use the notation tfn for the element s, 8,41 .. Sk—1 in in as well as the corresponding element in 3.
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Proposition 2.13. The map €: in — Xy 1S an isomorphism.

Proof. Let X,, C %, be the set of elements of the form tn tn-t ooty with 1 <my, <k, so | X,| < nl. We
see from Proposition that e: X,, — %, is surjective, and hence bijective by a counting argument. It will
therefore sufﬁga to show that X,, = X,,. Note that X,, = U:Ln:1 t%{(n_l, and _We may assume by induction
that X,,_1 = ¥,,_1, so X,, is closed under right multiplication by >, _1. As X, is generated by 3, _1 and
Sn—1, it will suffice to show that X, is closed under right multiplication by s,_1. This can be deduced from

Lemma below, after noting that s,_; commutes with ¥, for all k <n — 1. g

Lemma 2.14. If k <n andl < n then in in we have

oty fork <1

tntn—ls o= —
S {t;ltg_} for k> 1.

Proof. (a) Tt is immediate from the definitions that ¢/ s, 1 = 7¢I
(b) We claim that for | < n we have (¢],) 71} = ] '(¢") 1. We first give a proof for the case | = 5

and n = 10, writing k instead of si for brevity, and e for the identity permutation.

(te?) 120 = 987656789

— 987565789 (656 = 565)

= 598767895 (15,7 = [5,8] = [5,9] = ¢)
= 598676895 (767 = 676)

— 569878965 (16,8] = [6,9] = e)

— 569787965 (878 = 787)

= 567989765 (7,9 = e)

= 567898765 (989 = 898)

—

This pattern can be converted to a formal proof as follows. The claim is clear when [ = n — 1, so we
can work by downwards induction on [. Consider the relation s;415;5;41 = s;5;415;. We multiply on
the right by ¢7", , and on the left by (¢, ,) ™", noting that (¢} ,) 'sis1 = (17, ,) ! and s;s14187, 5 = 17!
and that s; commutes with ¢!, ,. This gives

(1) M = si(t'e) sty oS-

We can use the relation s}, , = #}! ; and the induction hypothesis to convert the right hand side
to st)' 5 (1) 51, and from the definitions, this is the same as ¢} (¢]") 71

(c) Now suppose that k& < I. Note that ¢} = t%t}” and that tfc commutes with ¢’} ;. We can therefore
multiply the identity in (b) on the left by t}, to get (¢, ;)17 = ¢}~ ' (¢")~1. This can be rearranged
to give the case k <[ of the lemma.

(d) Now suppose we have n > > j. Take k = j and [ =i —1in (c) to get (¢')~'¢7 = ¢~ (¢ )~
From the definitions, the right hand side can be rewritten as t}‘(t?__ll)*l, and the equation can then

be rearranged to give ¢;'t} = t;?t?__ll. Up to a change of notation, this is the same as the second case
of the lemma.

|
Definition 2.15. Let W, be the set of words of length r in letters s1,...,s,, and put W =[], W,, which is
the free monoid generated by s1,...,s,. Let ~,. be the equivalence relation on W,. generated by the following
rules:

o us;s;v ~ us;s;vif [t —j| > 1
o us;S;s;v = us;js;s;vif |i — j| = 1.



Put M, = W,/ ~, and M =[], M,, so M is the quotient monoid of W by the relations s;s; = s;s; (for
li —j| > 1) and s;s;s; = s;8;8; (for |i — j| = 1). We then have

Y=M/{s?=1]|i=1,...,n—1)

W—" M
Y
be the obvious projection maps. Recall that a word w = sp, - - - s, € W is reduced iff I(w(w)) = r. We write

R, for the set of reduced words of length r, and put R = ]_[T R,.. Note that if u € R, and v € W,. and u ~, v
then v € R,.

Let

Theorem 2.16. Let u,v € R, be such that w(u) = 7(v); then u ~, v (or equivalently 7' (u) = 7'(v)).
The proof will be given after some preliminaries.

Definition 2.17. Given 0,7 € X, we say that o could end with T if the following equivalent conditions are
satisfied:

(a) There exists p € ¥ such that ¢ = pr and I(0) = I(p) + (7).

(b) (oY) =1(0) — (7).

(c) There are reduced words u, v such that m(v) = 7 and 7(uwv) = 0.
(d) L(r) € L(0).

(It is straightforward to check that (a) to (c) are equivalent, and it follows from Lemma that (a) is
equivalent to (d).)

Lemma 2.18. Suppose that o € ¥ and that o could end with s;, and also o could end with s;, where j # i.

(a) If|i —j| > 1 then o could end with s;s; = s;5;.
(b) If |i — j| = 1 then o could end with s;s;s; = 5;5;5;.

Proof. As o could end with s; we have L(s;) = {{i,i+1}} C L(c),so (i) > o(i+1). Similarly o(j) > o(j+1).
If |i — j| > 1 one checks that L(s;s;) = {{i,i + 1},{j,j + 1}}, so o could end with s;s;. Suppose instead
that |i — j| = 1; we may assume without loss that j =i+ 1. We have (i) > o(i + 1) = o(j) > o(j + 1), so

{{iyi+ 1}, {i+1,i+2},{i,i+2}} C L(0).

The permutation 7 = s;s;8; = s;8;s; is then the 3-cycle (i,i + 1,4+ 2), so L(t) = {{i,i +1},{i + 1,i +
2}, {i,7 + 2}}, so o could end with 7, as claimed. O

Proof. Proof of Theorem We work by induction on r, noting that the cases r = 0 and r = 1 are easy.
We may thus suppose that » > 1 and that u = zs;, v = ys; for some z,y € R,_; and ¢,j € {1,...,n — 1}.
Put

o=n(u) =7n(v) =7(z)s; = w(y)s;.

If i = j we see that m(z) = 7(y), so ¢ ~ y by the induction hypothesis, so u = xs;, ~ ys; = ys; = v as
required. If |i — j| = 1 we see from Lemma [2.18| that there exists z € R, with o = m(zs;5;s;) = m(2s;5:5;).-
The ¢ = j case now tells us that u = xs; ~ zs;5;5; and zs;5;5; ~ ys; = v, and from the definitions we have
28i8;S; ~ 25j8;S; 80 u = v. A very similar argument works when |i — j| > 1. O

3. STANDARD NOTATION

In some parts of our exposition, it will be convenient to work with an arbitrary finite-dimensional vector
space W over F,. In others, it will be convenient to take W = F,". In that context, we let ey, ..., e, be the
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standard basis, and put E; = Fy{e1,...,e;}. We let G = GL,(F,) be the automorphism group of F,", and
put
T ={g € G|ge; €Fpe;for all i}
= {invertible diagonal matrices }
B={ge€G|gE; =E; for all i}
= {invertible upper triangular matrices}
U={g9€B|gei=e; (modE;_1)}
= {upper unitriangular matrices}.

Given g € G we let g;; denote the element in the i’th row and j'th column of the corresponding matrix. If
n = 3, a typical element of G then has the form

g11 gi12 913
g21 g22 g23
931 g32 g33

With this convention, we have (gh);, = Zj gijhjr and g.e; = . gije; and (g.x); = Zj gijx;. Moreover, we
have

T ={g € G| gij =0 whenever i # j}

B ={g € G| ¢g;j = 0 whenever i > j}

U={g€B|gi=1foralli}.

We regard X, as a subgroup of G in the usual way, so 0.e; = €,(;) and (0.7); = ¥,-1(;). The corresponding
matrix elements are 0;; = d; »(;)- Note that B fits in a split extension U — B — T, and we have

Tl =@E-1"
|U‘ :pn(n—l)/Z

|B‘ — (p _ 1)npn(n—1)/2.

4. JORDAN PERMUTATIONS

Let W be a vector space of dimension n over F,. We write Flag(WW) for the set of complete flags
U=(Uy< U <...<U, =W) (where necessarily dim(U;) = i for all ). Now suppose we have two flags
U,V € Flag(W). For 0 < 4,7 <n we put

Uuiny;
(UicanVy) + (U; N V)’
One checks that the natural map from this to
Ui+ (U;NV;)
U1+ (UiNVj_y)
is an isomorphism. Thus, the groups Q; 1, ..., Qi are the quotients in the filtration of the one-dimensional
space U;/U;—1 by the groups (U;—1 + (U; NV;))/U;—1. Tt follows that for each i there is a unique index
J = o(i) such that Q; ,;) # 0. Similarly, for each j, there is a unique i = 7(j) such that Q¢ ; # 0. It
follows that o and 7 are inverse to each other, so both lie in ¥,. We write 6(U,V) for o, and note that
sV, U) =0(U, V)"

Qij =

Example 4.1. We claim that §(c E, E) = 0. This is more or less clear except perhaps for the fact that it
is o and not o~ !. To check this we put
U; = oE; = span{e, (1), - - -, €5(i) } = span{e, | o1 (k) <i}
and V; = E; = span{ey, ..., e;}, and we consider the quotients
Uu;ny;

Qi = TRV F UiV
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Put A; = {ex | 07! (k) <i} and B; = {e), | k < j}. Then A; N B, is a basis for U; NV}, so the set
Cij = (AN Bj) \ (Aica N B;) U(A;N Bj_1)
is a basis for @);;. However, we have
Cij = (Ai\ Ai1) N (B \ Bj—1) = {eoy} N e},
s0 Q;; = 0 unless j = o(i).

Example 4.2. Take W = ]Fp5. Given elements a,...,g € Fp, put

a e 1 0 0
; / ; : 9

u = | ¢ us = | 9 us = Uy = us = )
L d 2 1 3 0 4 0 5 0
1 0 0 0 0

Then @45 is spanned by uy, Q24 is spanned by us, @31 is spanned by wus, Q42 is spanned by uyg, Q53 is
spanned by us, and all other @);;’s are zero. It follows that §(U, E) = (15 3)(2 4).

Remark 4.3. As the definition of 6(U,V) is completely natural, we have 0(gU,gV) = 6(U,V) for all
U,V € Flag(W) and g € Aut(W).

Remark 4.4. It is not true in general that

Indeed, if n = 2 then Flag(V) is natually identified with the set PV of one-dimensional subspaces of V. If
we let p be the nontrivial element of X, then 6(L,L) = 1, and §(L, M) = p whenever L # M. It follows
that if L, M and N are all distinct, then

O0(L,N) #6(L,M)5(M,N).
We now consider the cases where §(U,V) is the identity or one of the adjacent transpositions s;. These

could also be extracted from the more general theory in the next section but it is instructive to treat them
directly.

Lemma 4.5. Suppose we have flags U,V with §(U, V) =o0. IfU;—1 = V;_1 then o(i) =i iff U; = V;.
Proof. Put A=U;_1 =V;_1,s0 dim(A) =i—1. We have U;_1 NV; =V,_; NV, = V;_1 = A and similarly
UNVioy=AsoQyu = U;NV;)/A. Thus (i) =4 iff Q;; # 0iff U; NV; > A. As U; and V; have dimension
1 and A has dimension ¢ — 1, we have U; NV; > A iff U; = V. O
Corollary 4.6. If6(U,V) =1 thenU =Y. O
Proposition 4.7. We have 6(U,V) =s; iff U; =V; for all j # i but U; # V;.

Proof. Suppose that 6(U,V) = s;. Lemma tells us that U; = V; for j < 4, but U; # V;. Put A =
Ui_1 =V;_1. As U; # V; we see that U; N'V; must be strictly smaller than U;, but it contains A, which has
codimension one in U;, so U; N'V; = A. Using this we find that Q; ;41 = (U;NVi41)/A. As (U, V) = s; we
have Qi,i-{-l 75 0, SO dlrﬂ([]Z N Vi-&-l) > dlm(A) +1= ’i, but dlm(Ul) =1 S0 Ui N ‘/i-‘rl = Ui, SO Ul < V;‘_;_l. Of
course we also V; < V; 41 and

dim(U; + V;) = dim(U;) + dim(V;) = dim(U; N V;) =i+i— (i — 1) =i + 1 = dim(Vi41),

so Viy1 = U; + V;. Symmetrically, we have U,y = U; + V;. For j > i + 1 we have s;(j) = j, so we can use
Lemma [I.5] to show that U; = V; for all such j.
We leave the converse to the reader. O

5. SCHUBERT CELLS
Given a flag V € Flag(WW) and a permutation ¢ € ¥,, we put
V=Y(0o,V)={U|4(U, V)= 0o} CFlag(W).
We write Y (o) for Y (o, E) C Flag(F,™). We also put
X=X(o)=UnU""",
where p(i) = n + 1 — i as in Definition



Lemma 5.1. A matriz g = (g;)} ;=1 € Mn(F) lies in X (o) iff we have

1 ifi=j
gij = § arbitrary  if (i,7) € L(o™1)
0 otherwise.

In particular, we have | X (0)| = p'(@).

Proof. We have g € U iff g;; = 1, and g;; = 0 whenever i > j. Next, we have g € UT iff g7~ ! € U iff a;; = 0
whenever 7(i) > 7(j). In particular, we have g € UP)" = UP? " iff g;; = 0 whenever po—1(i) > po—1(j),
or equivalently o=1(i) < 0=1(j). The claim follows. O

Proposition 5.2. The map ¢: g — goE gives a bijection X (o) — Y (o). In particular, we have |Y (c)| =
!9 and thus |Y (0,V)| = p"@) for any V.

Proof. First note that X (c) CU C B, so for g € X(0) we have g"'E = E, so
8(90E,E) = 8(cE,g ' E) = 6(0E, E) = o,

so the flag ¢(g) = goE lies in Y (o) as claimed.

Next, observe that the stabiliser of ¢ E in G is B® ', so the stabiliser in X (o) = U N U*° " is contained
in the group

H=B" 'nU” '=(BnU"" .

Now B consists of upper triangular matrices, and U” consists of lower unitriangular matrices, so BNU? =1,
so H = 1. It follows that X (o) acts freely on 0E, so ¢: X (o) — Y (o) is injective.

Now put

T, =Fp{em | m < o(i), o7 (m) > i} < Ey (-

Let ¢;: F,” — T, be the i’th coordinate projection.

Consider a flag V. € Y(0). We claim that there is a unique element v; € V; NT; such that €,;)(v;) = 1,
and moreover that vy,...,v; is a basis for V; over F,. We will prove this by induction on ¢, so we assume
that the corresponding fact holds for all j < i. Put

Si =Fp{vj | j<iand o(j) <o(i)} <VinNEyq
The leading terms of the vectors v; in S; are precisely the vectors e,, with m < o(i) but i > o~'(m). Using
this, we see that E,;y = S; ® T;, and thus that V; N E,;) = S; @ L; for some (unique) subspace L; < T;.
We next claim that S; = V;_1 N E,(;). This is straightforward, given that {v1,...,v;_1} is a basis for V;_;
and the leading term in v; is ey (). It follows that the space
Li~ (ViN Eo))/ (Vi1 N Egs)

has dimension at most one. On the other hand, because §(V, E) = o we see that ¢,(;): Ly — F, must be
surjective, so there is a unique element v; as described.

Now define g: F," — F," by g(e;) = vy-1(3;), 50 go(e;) = v;, so go(E) = V. As the leading term of v,-1(;
is e;, we have g € U. We also have

ga(ek) =uv €T} < IFp{em ‘ Uﬁl(m) > k} = Fp{ea(k); Co(k+1)s-- > ea(m)}v

so 0~ lgo is a lower-triangular matrix, so po~!'gop is upper-triangular, so g € BP°'. We also know that the
-1

diagonal entries in g are all equal to 1, so the same is true of the diagonal entries in po~gop, so g € U7 .

This means that g € X (o), and ¢(g) = V. We conclude that ¢ is surjective as well as injective. O

Example 5.3. Consider the permutation o = (1 5 3)(2 4) € X5, corresponding to the matrix

L

L(o™") = {(1,4),(1,5),(2,4),(2,5), (3,4), (3,5), (4,5)},
7
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so X (o) is the set of matrices of the form

1 0 O b a
0 1 0 d c
g= 0O 0 1 f e
0 0 0 1 g
0 0 0 0 1
For such g, we have
a e 1 0 0
b f 0 1 0
go = c g 0 0 1
d 1 0 0 0
1 0 0 0 0

The columns of this are the vectors u; as in Example so ¢(g) is the flag U considered in Example

Corollary 5.4. Consider triples (V,U, W) where V is an n-dimensional vector space over F,, and U and W
are complete flags in V.. Then such triples are classified up to isomorphism by the invariant (U, W) € . In
particular, if U, W, W' € Flag(V') then there is an automorphism g € Aut(V) with gU = U and gW = W'
if and only iff S(U, W) = 6(U, W').

Proof. Let (V,U,W) be a pair as above, and put o = §(U,W). It will suffice to show that (V,U,W) ~
(F,",0E, E). Choose elements w; € W; \ W;_; and define f: F,” — V by f(a) = >, a;w;. This gives an
isomorphism F," — V sending £ to W. This must send some other flag F' to U. By naturality we have
S(F,E) =8(U,W) =0,50 F € Y(0), so F = zoE for some x € X (o) < B. The map z~! now gives an
isomorphism (F,", F,E) — (F,",0E, E). |
Corollary 5.5. For a triple (V,U,W) as above, we have §(U, W) = o iff there exists a basis v1,. .., v, such
that for all i we have

Ui = span{vo(l), ey Ua(i)}

W, = span{vy, ..., v;}.
If so, then the number of such bases is (p — 1)";0“0719).
Proof. A basis is the same thing as an isomorphism F,” — V; a basis with properties as above is the same as
an isomorphism (F,",cE, E) — (V,U,W). Thus, such bases exist iff §(U, W) = o, and if so, the number of

such bases is | Aut(F,", 0 E, E)|. This automorphism group is just B N B"fl, which is conjugate to B N B.
This fits into a short exact sequence

X(o™'p)=U°NU - B°NB =T,
so |B° N B| = |T||X (67 p)| = (p— 1)"p' "#) as claimed. 0

6. THE BRUHAT DECOMPOSITION

Proposition 6.1. We have G = ngzn BoB. Moreover, for each o € ¥,, we have a bijection

X(6) x B=(UNU” ') x B— BoB
given by (g,b) — gob. We thus have
|BO’B| _ pl(g)‘B| :pl(cr)Jrn(nfl)/Q(p _ l)n
Proof. Given g € G, put m(g9) = 6(gE,E) € ¥,,. It b,b' € B then bE = E =V E, so
m(b~lgb') = 6(b" gV E, E) = 0(gV' E,bE) = §(gE, E) = n(g).
Moreover, if o € ¥, < G then oE; = Fy{e,(;) | j < i}, from which it follows directly that 7(c) = . This
means that 7(BoB) = {o}.

Conversely, suppose that w(h) = o. Propsition tells us that there is a unique element g € X(o)
such that goE = hE. If we put b = (go) 'h we find that b € B and h = gob. In particular, this shows
that h € BoB, so n='{0} = BoB, so G = [[,cy,. BoB. We also see that our map X (o) x B = BoB is
surjective. To see that it is also injective, suppose we have h = g’ob’ for some other ¢’ € X (o) and V' € B.
As bE = E = I E we see that goE = g'cE. Proposition now tells us that g = ¢, and as gob = ¢g’'ob’ we
also have b =b'. 0O
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Corollary 6.2. |BN B ‘| =|BoB|/|U|.
Proof. We have B=T xU and T™ =T for all T € ¥,,, so
IBNB | = |T|{UNU” | =|T|p".
On the other hand,
|BoB| = p'?|B| = |U||T|p"",

and the claim follows easily. O

Corollary 6.3. For each o € X,, we have a bijection
Bx X(c™)=Bx (UNU")— BoB
given by (b, g) — bog.

Proof. We have a bijection ¢: X(0~!) x B — Bo~ !B given by ¢(g,b) = gob. Define x: G — G by
x(9) =g~ % As B and X (o7 !) are groups, they are preserved by x. We also have x(Bo~'B) = BoB. We
therefore have a bijection B x X (¢~!) — Bo B given by

(b,9) = x(¢(x(9), x(0)) = (¢ "o~ 071~ = boy.
O

Proposition 6.4. If l(o7) = (o) + I(T) then there is a bijection ¢: X (o) x X(1) — X(oT) given by
¢(g,h) = gh” " = goho™.

Proof. Recall first that the condition I(o7) = () +1(7) is equivalent to the following: for any 7' C {1,...,n}
with |T'| = 2, at most one of the two maps

T57(T) % or(T)

is order-reversing.

We now show that ¢(g,h) € X(o7), or equivalently that gh® € UNUP™ ° . We are given that
g€ Uand h € UPT ', so it will suffice to show that h% € U and g € UPT © '. For the first of these,
recall that the (i, 7)’th matrix element in R s ho-1(i),6-1(j)- Thus, if ho ! ¢ U, we have some i > j with
ho-1(i),0-1(j) # 0. As h € X(7) we must have 0~ '(i) < 07'(j) and 7 'o~*(i) > 77 0~ !(j). This means
that both the maps

{r o7 @), e )Y 2 {o T (@), 0 ()Y 2 i)
are order-reversing, contrary to our hypothesis; so he~' € U after all. For the second claim, suppose that
g UP™ "' 50 ¢g°7 & UP. Then there must exist i < j with Jor(i),or(j) 7 0. As g € X (o), this means that
o7(i) < o7(j) and o~ to7(i) > 0~ Lo7(4), or equivalently 7(i) > 7(j). This means that both the maps

{i,5} = {7(@),7()} = {o7(i),07(j)}

are order-reversing, which again gives a contradiction. This completes the proof that ¢(g,h) € X (o7).

We now show that ¢ is surjective. Consider an arbitrary element k € X (o7). Then k € B, so ko € BoB.
Corollary tells us that there is a unique pair (g,b) € X (o) x B with gob = ko. Similarly, we have
bt € BB, so there is a unique (h,c) € X(7) x B with br = hre. It follows that

kot = gobr = gohte = ¢(g, h)oTc

We can now apply Corollary to the permutation o7 to deduce that k = ¢(g,h) and ¢ = 1. This shows
that ¢ is surjective, but

X (o7)| = p7) = p' T = |X(a) x X(7)],
so ¢ is actually a bijection. O

Proposition 6.5. If i(c7) = (o) 4+ (1) then BoBTB = BoTB.
9



Proof. Tt is clear that BorB C BoBT1B, so it will suffice to show that
|BoBTB| < |BorB| = |B]p'°™) = |B|p!(?)p!).
For this we note that BoB = X(0)oB and BrB = BrX (77 1) so
BoBTB = X(0)oBrX(t71).
As | X(0)| = p@) and [X(r71)| = p' ") = p!(") this gives the required inequality. O

7. PARABOLIC SUBGROUPS
Definition 7.1. For any set I C {1,...,n—1}, weput X; = (s; | i € I) < X,,. Suppose that {0,...,n}\I =
{io,i1,...,ir} with 0 =iy <4y < --- <4, = n. Then X preserves the sets,
(0,41], (31, 2), -+« y (G, ir)-
In fact, it is the largest subgroup of ¥,, that preserves these sets, so
Y X X Mgy X X X5
Definition 7.2. Next, for any n-dimensional vector space V over F, we let Flag;(V') be the set of flags
W=0=W;, <W;, <W;, <---<W; =V)

with dim(W;) = j for all j € I°. This gives a functor from n-dimensional vector spaces to sets.

In the case V =TF," we have an obvious flag E € Flag;(F,") given by E; = span{es,...,e;} forall j € I°.
We let P; denote the stabiliser of this flag. We also write P; for Pri} and P;; for Pyi,j}, and so on. The
subgroups P; are called standard parabolic subgroups of G. More generally a subgroup P < G is parabolic if
it contains a conjugate of B.

For example, we have Py = B and Py ,—1y = G. In the case n = 7 and I = {1,3,4,6}, the group Pr
consists of invertible matrices of the following shape:

* ox | ok o x| % %
T B I
0 0 * * * * *
0 0 * * * * *
0 0 * * * * *
0O 0|0 0 O0]=* =
0O 0]0 O O0]=*x =

Here I¢ = {0,2,5,7}, and the sizes of the diagonal blocks are 2 —0, 5 — 2 and 7 — 5.
Proposition 7.3. Pr = BXB.

Proof. Firstly, it is clear from the definitions that ¥; < Py and B < Py so BX;B C P;. Conversely, suppose
that g € P; and put U; = gE, so for a € I¢ we have U, = E,. Let o be the permutation such that g € BoB.
Recall from Section @ that this is characterised by characterised by Q; +(;) # 0, where

Qij = (Ui N E;)/((Ui-1 N Ej) + (Ui N Ej—1)).
Suppose we have a < ¢ < b, with a,b € I°. We claim that ¢ < (i) < b, or in other words that Q;; = 0
for j <aorj>b. Indeed, if j < athen E; < E, = U, < Uj—1, s0 (U; NE;) < (Ui—1 N Ej), so Qi; = 0.
Similarly, if j > b then E;_1 > Ey, = Uy > U;, so (U; N E;) < (U; N Ej_1), so Q;; = 0. This shows that o
preserves the interval (a, b] as claimed, for all a,b € I¢. Tt follows that o € X;. O

Lemma 7.4. If o(k) > o(k + 1) then 0 € BoBs,B.

Proof. Define g € G by g(ex) = er + ext1 and g(e;) = e; for i # k. We claim that g € BspB. In the case
n =2 and k = 1 this follows from the equation

(6110861 [6 4] =111
The general case follows by taking block sums with suitable identity matrices. Next, we claim that the
element ¢ = ogo~! lies in B. Indeed, we have b(es(k)) = €o(k+1) and b(e;) = e; for all other i, so the claim
follows from the fact that o(k + 1) < (k). We now have 0 = b~'og € Bog and g € BsyB so 0 € BoBs;,B

as claimed. 0
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Proposition 7.5. Let P be a subgroup of G such that P > B. Then P = Py for some I (so P is a standard
parabolic subgroup).

Proof. Put I = {i | s; € P}, so P; < P. Suppose that g € P, and put o0 = n(g). As BgB = BoB and
B<Pi<Pwehaveo € P,and g€ P;iff c € P;. Ifi(c) =0 then 0 =1 € P. If (o) = 1 then o = s; for
some i and 0 € P so i € I so 0 € P;. Now suppose that I(o) > 1, so we have o(k) > o(k + 1) for some k.
Lemma [7.4] tells us that o = bocsyd for some b,¢,d € B. As 0,b,¢,d € P we conclude that s € P, so k € I,
so s € Pr. It also follows that the element 7 = osy lies in P. As o(k + 1) < o(k) we have (1) = () — 1,
so we can assume by induction that 7 € P;. It follows that ¢ = 7s, € P; and thus that g € P;. O

Corollary 7.6. Every parabolic subgroup is conjugate to a standard parabolic subgroup.
Proposition 7.7. If I C J then Mapg(Flag;(V),Flag;(V)) is a singleton; otherwise, it is empty.

Proof. We first observe that the orbits of B in V are precisely the sets Fj \ Ex_1, and thus that the spaces
E). are the only B-invariant subspace of V. This means that the point E; € Flag;(V) (which we call the
basepoint) is the unique B-fixed point in Flag; (V). Thus, any map from Flag; (V') to Flag;(V) must send
the basepoint to the basepoint, and this determines it uniquely because G acts transitively on Flag; (V). As
the stabilisers of the basepoints are P; and Py, there is a unique map when Py < Pj, and no maps otherwise.
It is also clear that P; < Py iff I C J. O

Definition 7.8. We say that a finite G-set X is parabolic if every point has parabolic isotropy group. We
write P for the category of parabolic finite G-sets and equivariant maps. We also write P’ for the category
of finite sets Y equipped with a list (Y1,...,Y;,_1) of subsets. We define a functor F': P — P’ by FX = X5,
equipped with the subsets F; X = X% fori=1,...,n — 1.

FX = (XB; xP . XPn),
Proposition 7.9. F: P — P’ is an equivalence of categories.

Proof. Consider an object Y € P'. Fory € Y we put I, = {i | y € ¥;}. We then put F'Y =[[ ., G/Pp, €
P. Now consider a morphism f: Y — Z in P'. As f(Y;) € Z; we have I, C I, so there is a unique
G-map G/Pr, — G/Pp,, C F'Z. Putting these together, we get a map F'f: F'Y — F'Z, and this gives

us a functor P’ — P. Note that

: 1 ifiel
(G/Pr)" = Mapg(Flag;(V), Flag;(V)) = .
®  otherwise.

Using this we see that FF' = 1p,. Next, consider an object X € P. This can be written as a disjoint union
of orbits, each of which is isomorphic to G/P for some parabolic P. We then note that P is conjugate to
Py for some I, so G/P is isomorphic to G/P;. The only B-fixed point in G/Pr is the basepoint, and the
basepoint is fixed by P; iff « € I. It now follows that X = F'FX, and thus that F' is an equivalence as
claimed. |

8. THE HECKE ALGEBRA

Let V be the category of n-dimensional vector spaces over F,,, with linear isomorphisms as the morphisms.
Let F be the category of finite sets, and let A be the category of finitely generated free Z,)-modules. We
write VF and VA for the functor categories [V, F] and [V, A.

We will be interested in various functors X € VF such as

Flag(V) = { complete flags in V'}

Base(V) = { bases for V}.
Given X € VF we define Z,)[X] € VA by Z,)[X](V) = Z,y [X (V)], the free Z,)-module generated by the
finite set X (V).

Definition 8.1. The Hecke algebra is the ring H = End(Z[Flag]).
11



This formulation is convenient for conceptual purposes, but for calculations a more explicit version is
useful. If X is a functor from V to sets then X (F,") is a G-set (where G = GL,,(F,)), and this construction
gives an equivalence [V, {sets}] = {G — sets}. This identifies Z,)[Flag] with the Z,)[G]-module Z,[G/B],
and so identifies H with Endy  (¢(Z(,)[(G/B]). We will analyse this in more detail later.

First, however, we discuss some general constructions giving maps between functors. Note that Z,[X] has
an obvious inner product, given by ([z], []) = 0227 Given f: Z,)[X] = Z [Y] welet f': Z,,)[Y] = Zy [X]
be the adjoint with respect to this inner product. In particular, if f comes from a map f: X — Y then

'yl = Zf(m):y[x]'
Definition 8.2. Define Z(0) € VF by
Z(0)(V) = {(U, W) € Flag(V)? | §(U, W) = o}

(where §(U,V) is the Jordan permutation, as in Section . This has projection maps

Flag <% Z(0) =% Flag
and we put T, = mmj: Ly [Flag] — Z,)[Flag], so T, € H and

U= Y, Wl

(U W)=0o

It is clear from this that T\ = T,-:. We will write T} for Tj,.

Proposition 8.3. The maps T, give a basis for H over Zy.

Proof. Consider an element f: Z,[Flag] — Z,)[Flag]. For any V' € V and any U, W € Flag(V) we
let n(V,U,W) be the coefficient of [W] in f([U]). As f is natural, this coefficient depends only on the
isomorphism class of the triple (V,U,W). Thus, by Corollary there are well-defined numbers n, for
o € ¥ such that n(V,U, W) = nsw w). It follows that f =3 n,T,. |

Proposition 8.4. Fizi€ {1,...,n—1}. Let U be a flag, let F' be the set of flags W such that W; = U; for
all j # i, and put a =3y p[W]. Then T;[U] = a — [U] and
(T: = p)(T; + 1)[U] = (T7 ~ (p — 1)T; — p)[U] = 0.

Proof. The formula T;[U] = a — [U] is immediate from Proposition Note also that the definition of a
depends only on the spaces U; for j # i, so for W € F we have T;[W] = a — [W]. It follows that

Ti(a)= Y TW]= Y (a— W) =|Fla— > [W]=(F|-1)a.
WEeEF WeF w
Moreover, F' bijects with the set of one-dimensional subspaces of U11/Ui_1 ~ F,2, so |F| = p+ 1, so
Ti(a) = pa. It follows that (T; — p)(T; + 1)[W] = (T; — p)(a) = 0 as claimed. O

Definition 8.5. We define é: Z,)[Flag(V')] — Z,)[Flag(V')] by

eu] = [Flag(V)[™" Y W]
WeFlag(V)

(so é[U] is independent of U). This is natural, and so defines an element of H. We also define a map
& H — Zg) by (3, neTy) =3, P17,

Proposition 8.6. é is a central idempotent in H, with & = é. Moreover, 5 is a ring map, with g(at) =¢(a)

~

and aé = éa = £(a)é for alla € H.

Proof. Consider an object V € V, and put x = | Flag(V)|~! > werlag(v) W], so é[U] = z for all W. 1t is

easy to see that é(z) = z also, and thus that é* = é. We have (¢[U], [W]) = |Flag|~! = ([U], é[W]) for all
U and W, so é is self-adjoint, so &' = é.
Next, we have

LU = > eW]={W | oW, U) = oo =p' a = pl@e[w).

S(UW)=0
12



(using Propositionand the fact that I(o—!) = I(¢)). It follows that éT}, = p'(?)é, and thus that éa = £(a)é
for all a € H. By expanding éab in two ways we deduce that f is a ring map.

Now take the transpose of éa = f( )é to get até = §( )é. Replacing a by a' gives aé = &(at)é. We also
have T! = T,-1 and I(0~1) = I(0) so g(at) = g(a). Our equation now reads aé = f(a)e S0 aé = éa, so € is
central. 0

Lemma 8.7. Under the identification H = Endz,  (q(Z(,)[G/B]), we have
T,-1[gB] =TigB] = > [gzoB].
z€X (o)

Proof. As T,-1 is a G-map it will suffice to prove this for g = 1. Using the identification G/B = Flag(F,")
(given by hB — hE) it will suffice to check that T, -1 [E] = }_, . x(,)[z0E]. By definition we have T,-1 [E] =
Zs(g,g):g—l [U]. Note that 6(E,U) = o' if and only if §(U, E) = o, and the Bruhat decomposition tells
us that any flag U with 6(U, E) = o can be expressed uniquely as zoE with « € X (), as required. O

To give another reformulation of this, note that Base(V) is canonically the same as Iso(F,",V), so an
element g € G = Aut(F,") gives a map g*: Base — Base, with (gh)* = h*g*.

Corollary 8.8. The following diagram commutes:
Z(p)[Base] ——= Z, [Flag]

ZIEX(U)(IU)*\L \LT;

Z(p) [Base] T> Z(p) [Flag].

Proof. The main point to note is that all the maps make sense so that the claim is meaningful. It then
reduces to the lemma using the equivalence VA = {Z,)[G] — modules}. O

Corollary 8.9. Ifl(o7) =1(0) + (1) then ToT, = Ty

Proof. It will suffice to prove that T1T7[gB] = T,.[gB]. The right hand side is 3 ¢ v, [9207B]. Proposi-
tion [6.4] converts this to

Z Z [groyo~toTB] = Z groyTB] = ZTt groB] =TT [gB],
z€X (o) yeX (1) T,y

as required. 0

Corollary 8.10. If s;, ...s;, is a reduced word for o then T;, ... T; =T, O

Proposition 8.11. The ring H is generated over Z,) by the elements T;, subject only to the relations

T =p+(p—1)T
LT =T TiTi
T,T; = T;T; if |1 — 4] > 1.

(The first relation can also be written as (T; + 1)(T; —p) =0.)

Proof. For any o € ¥ of length r we can choose a reduced word s;, ...s;, representing o, and we find from
Corollary that T, = T;, ...T;,.. This shows that the elements T; generate H. Moreover, if sj, ...s;,
is another reduced word representing o then T}, ...T; =T, = T;, ...T; . The second and third relations
above are instances of this. Now consider T?. Fix a flag U € Flag(V) and put A = {W | U;_1 < W < U;41},
so |A| =p+1. Put

¢(W):(0:U0<~"<Ui_1<W<Ui+1<'~'<Un:V),
13



so ¢(U;) = U. One checks that the flags with 6(W,U) = s; are precisely those of the form ¢(W) for some
W e A\ {U;}. It follows that T;[U] = 3 .y, [¢(W)] and thus that

U= Y Tl = > D s
WU, WAU, WZW

=D DWHLHW [ Ui # W # W =plU]+(p—1) Y [6(W)]
W

W'£U;
=(p+ (- 1)T)U]
as claimed.

Now let H' be generated by symbols T7,...,T,_; subject only to the relations in the statement of the
proposition. As these relations are satisfied in H and the T; generate, there is a well-defined and surjective
ring map 6: H' — H given by 6(T) = T;.

Now consider an arbitrary element o € ¥. Choose any reduced word u = s;, - - - s, such that 7(u) = o, and
put T, =T} ---T] € H'. This is well-defined by Theorem and we have 6(T) = T, by Corollary [8.10
Define a map ¢: H — H' by ¢(T,) = To, so ¢ = 14, so ¢ is injective.

Now put A = ¢(H) < H'. We claim that A is closed under right multiplication by 77} for all . To see
this, consider an element T, € A. If o(i) > o(i + 1) then l(os;) = l(0) + 1. We choose any reduced word
w for o and note that ws; is a reduced word for os;, so T, T} = T,, € A. Otherwise we choose a reduced
word w for the permutation 7 = os; and note that ws; is a reduced word for o. It follows that

T,T] = T,(T})* = T (p+ (p — VT}) = pT; + (p — VT3, € A.
As 1 € A and A is closed under multiplication by the generators of H' we see that A = H’, so ¢ is surjective

as well as injectve, so ¢ is an isomorphism. As ¢ = 1 is an isomorphism it follows that 6 is also an
isomorphism. 0

9. THE STEINBERG MODULE

Definition 9.1. We define 7: Base — Flag by
m(v1,...,0n) = (0 < span{v; } < span{vy,va} < --- <span{vy,...,v,}).
This induces 7: Z,)[Base] = Z,)|Flag] and n*: Z,)[Flag] — Z, [Base]. Next, we define

w=|G/U|I! Z sgn(o)o™: Zy [Base] — Z,)[Base].
o€
We note that (6*)" = (07')* and so w' = w. We put p = nw: Z,)[Base] — Z,)[Flag], and let Mg, denote
the image of y. Note that Ms;(F,") is a module over Z,)[G]; we call this the Steinberg module. We also put

e = pur' = mwr’ = e': L, [Flag] — Z,) [Flag]
es = ' = w'nw: Z, [Base] — Z(,) [Base]

so e € H and eg; € End(Z,)[Base]) = Z,)[G]°P. We call eg; the Steinberg idempotent. (We will show later
that both eg; and e are indeed idempotent.)

Proposition 9.2. The map §: H — Zy,) giwen by &(T,) = sgn(o) is a ring map, with (a') = &(a) for all
a. Moreover, for all a € H we have ap = &(a)p and ae = ea = £(a)e (so e is central in H ).

Proof. We see from Proposition [8.4] that (1 + T;)[U] depends only on the spaces U, for j # i. On the other
hand, we see from the definitions that 7s} (v) only differs from 7(v) in the ’th space, so (1+1;)7 = (14+T3)7s},
so (1+T;)n = (14 T;)wsfw. However, we have sfw = —w, so (1 + T;)msfw = —(1 + T;)p. It follows that
(L+T;)p =0, or in other words Ty = —p. Given any o € ¥ we can find a reduced word s, ...s;. for X.
We then have

~

Top="T, ... Tip=(=1)"n=_ETs)p

~

As the T, span H this gives ap = &(a)p for all a. It follows that &(ab)u = £(a)&(b)u and one sees directly
that u # 0 so € is a ring map. (This could also have been deduced from Proposition [8.11]) We also have
T! =T,+ and sgn(o~t) = sgn(o) so &(at) = &£(a).
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Next, as e = pr’ and ap = g(a)u we have ae = {(a)e. We observed in Definition that e! = e, so we
can transpose the above equation to get ea’ = £(a)e, and replace a by a’ to get ea = £(a')e. As &(a') = £(a)
this gives ea = £(a)e, showing that e is central. O

Proposition 9.3. ¢ = |G/B|7'Y" sgn(o)p!c AT,
Proof. Corollary [5.5] tells us that
if (U, W)=0

(e~ p)
<7TO_*7Tt [Q]: [WD = <0*7Tt [QL [ED = {LB/UMQ otherwise.

It follows that mo*nt = \B/U|pl("71P)Tm and thus that
e=|G/U|I™! ngn(a)wa*yrt = |G/B|™ ngn((j)pZ(a*lp)To

as claimed. O

Proposition 9.4. We have purty = p. The maps e and esy are idempotent, and image(e) = Mg, The
map u: Zyy[Base] — Mg; restricts to give an isomorphism image(esy) — Mgy, with inverse given by the
restriction of wt.

Proof. First, we have

&(e) = |G/BI71 2, ') = |G/BI7H I, X (07 p)| = |G/BI7H [T, X(7)] = L.

o~

It follows that unty = ey = &(€)pu = p, and thus that

e? = pntunt = prt = e

g = miumtp =l = eg,
so e and egt are idempotent. As e = unt we have image(e) < image(u), and as 1 = ep we have image(u) <
image(e), so image(e) = image(u) = Ms;. Now put M§, = image(est), and let a: M§, — Mg be the
restriction of pu. As egy = 7'y we see that 7' (Mg, ) = image(n'u) = M{,. Thus, if we let 3 be the restriction
of ! to Mst, we see that 3 gives an epimorphism Mg, — M{,. As the map un’ = e restricts to 1 on Mg; we
see that a8 = 1, and as (3 is an epimorphism this tells us that o and 8 are mutually inverse isomorphisms. [

Proposition 9.5. Mg, is projective and self dual in VA, and has rank p™"~Y/2.  The natural map
Zpy — Endya(Mss) is an isomorphism. If we put N = image(l — e) then Homy4(Ms;, N) = 0 and
HOIHVA(N, MSt) = 0.

Proof. There is a Yoneda isomorphism Homy 4(Z,)[Base], A) = A(F,"), so Z,)[Base] is projective. We have
seen that Mgy is isomorphic to the image of eg¢, which is a summand in Zp) [Base], so Mg is projective.
On the other hand, Ms; is also the image of a self-adjoint idempotent on Z,[Flag], so the standard perfect
pairing on Z,) [Flag] restricts to give one on Mg, so Mgy is self dual. We also see that the rank of Msg;
is the trace of e. If 0 # 1 then 6(U,U) # o so one sees from the definitions that T, has trace zero. For
o = 1 the map T, is the identity, with trace |Flag| = |G/B|. We therefore see from Proposition that
trace(e) = p!(P) = pr(=1/2,

Next, note that Z,) [Flag] = Mg € N, so any map from Msg; to itself (or from Mg; to N, or from N to
Ms) can be extended to an endomorphism of Z,[Flag], or in other words an element a € H. Any such
element satisfies ae = £(a)e = ea, which means that a preserves Mgy = image(e) and N = ker(e), and acts
as a scalar on Ms;. Thus Endya(Ms;) = Z,y and Homy 4 (Msg, N) = 0 and Homy 4 (N, Ms;) = 0. O
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